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Nonlinear Digital Scheme for Attitude Tracking
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The paper deals with asymptotic tracking of a reference attitude trajectory for rigid spacecraft. Based on
differential equations that describe the error dynamics with respect to a given reference trajectory, the design
procedure is formulated as a stabilization problem. Both gas-jet and reaction-wheel control modes are considered.
Under mild smoothness assumptions on the reference trajectory, a nonlinear digital controller is proposed based
on a multirate control strategy. Simulation results show the effectiveness of the proposed digital control scheme.

I. Introduction

HREE-AXIS attitude control of a rigid body has important

applications in high-performance controllers for pointing and
slewing of spacecraft, aircraft, and helicopters. Mostly for scientific
missionsthatimpose stringentconstraints,modernnonlinearcontrol
methods, relying on accuratemathematicalmodels of the spacecraft,
must be used in the design. On the other hand on-board digital
implementationof the control law requiresdigital design procedures
that avoid the deteriorationin performance occurring when a digital
implementation of the continuous controlleris used.

Based ondesign proceduresintroducedin the last decade (Refs. 1,
2), first applications of multiaxis attitude control can be found in
Refs. 3 and 4 where feedback linearizationis achieved. An exten-
sive study of the attitude control problem for spacecraft with gas-jet
or reaction-wheel actuators is presented in Ref. 5 where nonlinear
control concepts are used to study the controllability with three,
two, or only one torque actuation. This paper shows that two inde-
pendent torques supplied by gas jets can be used for controlling the
rigid spacecraftaroundequilibriumtrajectories.In Ref. 6 amultiaxis
tracking-and-attituce control, related with problems of accuracy in
pointingand/or orientinga spacecraftwith reactionjets giving struc-
tural criteria for the stability of the controlled system with emphasis
on the problems of disturbancerejection and vibration suppression,
is presented. A local result, based on regulator theory, is presented
in Ref. 7 where the nonlinear regulation problem of a rigid body, in
the presence of disturbances,is solved. In Ref. 8 attitude control of
a rigid body is devised in terms of passivity concepts and studied
making use of Lyapunov techniques. Global asymptotic tracking is
achievedundernonlinearcontrollaws characterizedby proportional
and derivative feedback actions, plus a feedforward compensation
of thenonlinearities.The proportionalaction dependson the attitude
error whereas the derivative action depends on the velocity errors.
The feedforward action, which compensates for the nonlinearities
in the dynamics, is computed on the basis of the real parameters or
their estimates (adaptive control).

The design procedure,used in this work for deriving the proposed
nonlineardigital controller,is based on the observationthat the clas-
sical digital implementationof the continuous-timecontrol laws, by
means of zero-order holders, does not always give satisfactory re-
sults and may induce instability. At the same time direct digital de-
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sign methods, such as input-outputdecoupling and linearization of
the equivalent sampled model, may induce instability of the control
system, even if the so-called zero dynamics of the continuous-time
system are asymptotically stable. This last phenomenon, also well
known in the linear case, is the consequence of the possible can-
cellation of the zero dynamics that appear under sampling and may
be unstable’ A viable approach, which leads to a multirate piece-
wise constant control law, is proposed in this paper. The approach
resides in the design of a controller computed on the equivalent
sampled model with the aim of reproducingthe performance of the
continuous control scheme, i.e., the performance obtained under a
continuouscontroller.In particular, for input-outputdecouplingand
linearization, the nonlinear digital strategy must ensure the repro-
ductionat the samplinginstants of the desiredinput-outputbehavior
overcoming the aforementioned stability problems.!” A first appli-
cation of this idea to spacecraft control for rest-to-rest maneuvers
has been given in Ref. 11.

This paper proposes a nonlinear discrete-time controller that
asymptotically tracks a desired reference trajectory. Based on the
differential equations describing the kinematics and dynamics of
the attitude error,'? the problemis formulated in a continuous-time
setting in terms of stabilization that is achieved by making use of
a linearizing feedback controller; this representsa generalizationto
time-varyingdynamics of the resultsin Ref. 3. Asymptotic tracking
is ensured under suitable restraints of the reference inputs. Gas-jet
and reaction-wheel actuators are considered. Extending the results
of Ref. 11, a digital scheme for tracking, based on multirate control,
is then proposed.

In Sec. II the equations describing the kinematics and dynamics
of the errors are given. Basic facts on nonlinearcontinuous-timeand
digital aspects are recalledin Sec. III. In Sec. IV the applicationto a
case study is developed. Simulation results are discussedin Sec. V.

II. Mathematical Model of a Rigid Spacecraft

An appropriatemathematicalmodel for studying the attitude con-
trol problem of a rigid spacecraft makes use of the kinematic equa-
tions, describing the position of the spacecraft depending on the
angular rates, and the dynamic equations, linking the angular rates
to the external torques acting on the spacecraft.

Let RC be afixedinertial frame with origin O and RI" anoninertial
frame attached to the rigid body with origin O’ = O. As usual, O
coincides with the center of mass of the main body. Let RT"; be a
desired frame with origin O, = O.

The attitude control problem can be qualitatively stated as fol-
lows: Find a control action such that RT" tracks RI", asymptotically.
The control action can either be performed by gas jets located on
the main body or by reaction wheels. The former actuators are typi-
cally used for large slew-attitude maneuvers or for desaturating the
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reaction wheels, whereas the latter are used for fine slew-attitude
maneuvers.

A. Kinematics of the Attitude Error

The kinematic equations specify the time evolution of a set of
parameters defining the attitude of the spacecraft with respect to a
fixed inertial coordinate frame. There exist a number of parame-
terizations for describing the attitude of a rigid body in the space.
A minimal set of parameters is given by Euler angles ¢, y, and ¢
(Ref. 13). Although they are not defined uniquely, Euler angles are
used frequently to represent orientation, mainly because they have
an immediate interpretationas roll, pitch, and yaw angles. Minimal
parameterizations give rise to some computational complexity and
analytical singularities in the kinematic equations.

The nonminimal parameterization using the four Euler param-
eters, or unitary quaternions, is the one most usually consid-
ered.>!2~! Denoting by €;,i =1, 2, 3, the components of the Euler
axis direction expressedin the inertial frame RC and & the rotation
angle, the four unitary quaternions are defined as follows:

o) pi(t) € (1) oM
Do(t) = cos - p@) =1 p20t) | = | &) | sin -
p3(0) & (1)

subject to the constraint

3
PNACES!

i=0

The quaternion parameterization is convenient not only because
the representation is free from inherent geometrical singularities
but also because the attitude matrix is algebraic in the quaternion
components, thus eliminating the need for transcendentalfunctions.
This fact and the fact that successiverotations follow the quaternion
multiplicationrules make quaternionssuitable for onboardreal-time
computations.Moreover,in contrastwith the parameterizationusing
an Euler angle, an attitude changeis obtained under a singlerotation
about an appropriate axis and is important from the standpoint of
fuel consumption and rapid retargeting.
Let

denote the attitude of the body (i.e., the attitude of the reference
RT). Denoting by
. qo(t)
q@t) = [ }
q(t)
the quaternionvector describingthe desiredattitude(i.e., the attitude

RT,), the attitude error
o eo(t)
1) =
=[]

is introduced; using the quaternion multiplication law, one obtains:

(eo> B ( Podo + P'q ) W
e Pod — GoP — P4

where p is the dyadic representationof p, defined by the following
skew-symmetric matrix:

0 —p3()  pa(t)
p=| p:) 0 —pi(®)
—pa(t)  pi(t) 0
The error é(7) has the same coordinates when expressed either in

RT or RT, but not in RC. From Eq. (1) one can see that RT" and
RT'; coincide if and only if e(t) = 0.

We conclude this subsection by setting the kinematic equations
that describe the attitude rate error. Denoting by

o) =lwi(t) o)) w;0)]
wi() =04 (1) 0u®) w,®]

the angular rate of the spacecraft and the desired reference rate
respectively, both expressedin RI, set

e (1) = w(t) — wq(t) 2)
By using the dyadic representation, the kinematic equations for the

attitudeerrors, expressedin the noninertialreference frame RI" fixed

with the main body, take the form*!2:

o] _1[ 0 —elo][e®] _L[-®]
é0 | T3 o~ ]| e | T2 | Riewn] "
3)

with R(e) = ¢yl; +¢€,a3 x 3 matrix,andI; the 3 x 3 identity matrix.

B. Dynamic Equations of the Error Rates
The dynamic equations of a rigid spacecraft are obtained using
Euler’s theorem, i.e.,

Li(t) = —w(t) X Ligt(t) + u,(t) 4)

where the vectors are expressedin the reference frame RI" and u, ()
denotes the vector of the external torque acting on the spacecraft,
while L, (?) represents the total angular momentum of the system.

The dynamicsof the reactionwheels are described by the equation

Q) = —a(t) + I u, (1) )

with € (¢) as the angular velocity of the reaction wheels with respect

to (w.r.t.) the main body, u, (¢) as the vector of the reaction torques,

and J, as the (3 x 3) symmetric inertiatensor of the reaction wheels.
The total angular momentum has the following expression:

Lialo(@), 2(0)] = Juo(t) + J.Q(t) (6)
with Jy;, as the (3 x 3) symmetric inertia tensor of the main body

and Ji, = Jy, + J, relative to the whole structure.
If w(t) = w.(t) + wy(t) is substituted into Eqgs. (4-6), one gets

w,(t) = =PiN[w (1), Q(1), 04(O)] + P (1) — P, (8) — ¥4 (1)
@)
Q1) = PiN[w,(t), Q(1), 04(1)] = Py (1) + Patt, (1) + Ya (1)
®)
where
Nlw, (1), (1), wa (D] = Ny[w. ()] + Na2[w. (1), 2(1)]
+ N3[w. (1), Q2(1), wa(1)]
Nilwe ()] = w(t) X Jiow. (1)
Nolw. (1), Q(D)] = w. (1) x J,Q(1)
N3w. (1), Q(1), @4 ()] = @c (1) X Sy () + @a(t) X S (1)
+wi(t) X Jowa(t) + wq(t) X J,Q(1)
Va(t) = w4(t)
the angular acceleration of RT; w.r.t. RT" (expressedin RT"),

P =J!

mb

Py= o+

(3 x 3) symmetric matrices.
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Remark 1: The time-varying terms in Eqs. (7) and (8) could
be directly canceled defining u, (t) =, (t) + Jop ¥u () + N3[w, (2),
Q (1), wqa(1)], and so obtaining an autonomous system. This could
be useful for designing the continuous-time control, but not for de-
riving the digital controller by using the multirate technique, which
is the aim of this paper. In fact, as clarified in the following sections,
working directly on the time-varying model to derive the digital law
is more convenient. a

C. Mathematical Model in the Error Variables

Equations (3), (7), and (8) constitute the mathematical model of

the error dynamics of a rigid spacecraft w.r.t. a given trajectory,* 2

repeated here for clarity:
o] _1[ 0 —el0] e
e | 2w —a.0) ] e
)
we(t) = =PiN[w. (1), Q(), wa()] + Prue(t) — Pru,(t) — Yra(t)

Q1) = PiN[w, (1), (1), 04 (1)] — Pruo(t) + Pau, (1) + Ya (t)

This model has the form x(¢) = f[t, x(¢)] + Bu(t) where the state
is the 10 x 1 vector x (1) =[ey(t) e’ (1) ol (r) QT (H)]", and

1 0 - @) | [e(®
2 | w.(t) —aw.(t) || e®)

it x(0)] =
—PiNlw (1), Q(1), wa(t)] — pa(t)
PiN[w (1), Q(1), wg ()] + Ya(t)
0 0
U (1)
B = Pl _Pl , M(t) = |:u (t)i|
_Pl P2 4

Remark 2: Note that the explicit dependence on ¢ of f occurs
through the reference trajectory. In fact, the expressions of w,(?)
and v,(t) appearing in Eq. (9) are computed from the given de-
sired quaternions ¢ (¢) and their derivatives g (¢), making use of the
relationships

wa (1) = Rypgq (1), Ya(t) = RpgPa ()

_ qo (1)
= 2R
wy (1) 2[q (1] |:q'(t):|

_ . gn (1
Falt) = 64(6) = 2Rag(1)] [q.?( )}
q(t)

where Ry = Ri(P)R] (p)R2(q)RT () is the rotation matrix that
transforms vectors expressedin RT", into vectors expressedin RT',

Ri(@)=[—q R(@)], R:(q)=[—gq R"(¢)]3 x 4 matrices

q1
40,9 = | 92 | generic quaternion
q3
and
. (1) . D)
t) = ————sin——

qo (1) ) 1 )

Dy(1) Py) - Palt)

q(t) = €4() sin — + ed(t)T co >

Dy(t) . D) DU D)
— sin — CcoS
2 2 4 2

+ g (1) Dy(1) cos#

Go(t) =

§(1) = &y(t)sin q’"z(”

S) Du) o P . Palt)
2 2 Ty 2

+eq(?)

with €,(¢) and ®,(¢) as the desired Euler axis directionand rotation
angle. To ensure bounded values for w,(f) and v, (¢), appropriate
conditions are needed on €,(1), €, (1), ®,(t), and D, (1). O

Once the references have been fixed and the mathematical model
[Eq. (9)] describingthe trackingerrors has been written, the problem
can be reformulated as a stabilization problem of any equilibrium
such thatey(t) =1, e(t) =0, w.(t) =0, and 2 (¢) is bounded.

III. Design of a Nonlinear Digital Controller:
Multirate Piecewise Constant Control

In this section we recall some basic facts concerning the digital
technique used in the next section for design of the nonlineardigital
controller. Input-output feedback decoupling and linearization of a
multivariable square nonlinear system, introduced in Refs. 1 and 2
and appliedfor the first time to the attitude control problemin Ref. 3,
generalize the basic design procedureintroduced by Ref. 15 for lin-
ear systems. In that context input-output decoupling was achieved
by making unobservable those parts of the internal dynamics that
characterize intrinsic coupling between input and output channels.
Analogously,in the nonlinearcontextthe feedback confines the cou-
plings and the nonlinearities to the unobservable part and renders
the control system linear and decoupled. Input-output decoupling
and linearization under static feedback are obtained under partial
cancellation of internal nonlinear dynamics, which must be asymp-
totically stable.!®

Given a square time-varying system

E= L)+ ) 0w = ft.x)+g(nu

i=1

(10)
v = h;i(x) i=1,....,m
where f(t,x) and g;(x), ..., g, (x) are analytic vector fields and
h;(x) are m analytic functions, the state feedback
u(t, x) = ylt, x(@), v()]
L) hy(x) L7y (x)
L,y iy, (x) L7 Ty (%)
= A7, 0)[v() = T(t, )] (11)

well defined on an open subset U of the state space, renders the
feedback system diffeomorphicto a system composed of linear and
decoupledinput-outputdynamics and possibly nonlinearunobserv-
able dynamics'®:

ii,l = Zi2, ---sii,r,'—l = Ziri» ii,ri =V
¥ o=q(t. 2. ¥) + pt. 2. ), i=1,....m
Vi = Zia

where p(t,z,v%) may be equal to 0. Here z; ; =£';h,-(x), i=
I,...,m, j=0,...,r,—1,and £, denotes the differential operator
defined as

¢ —~ 3¢ ¢
Li¢:=L == Zh+=
9 Ay £ x; MY

where L,¢ is the usual Lie derivative of the generic vector field
¢ (¢, x) in the direction of A.
Choosing the external control as

vy —kyjzig+ =k 2

U _km,lzm,l + = km,rm L, rm
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one obtains the dynamics
j= 1,...,r,- —1

— ki Zii s i=1,...,m (13)

Zi,j = Zij+1>
Ziy = —kinzig+ oo

where the coefficients k; ; define Hurwitz polynomials s" +
ki, s~ '+ ... +k;,. This property ensures asymptotic tracking
with linear input-output behavior if the residual unobservable dy-
namics remain stable.

As previously noted, the digital implementation of the control
[Eq. (11)] presents some drawbacks. The following discussion
shows that by using multirate control strategy on the inputs it is
possible to let the sampled evolutions of the plant under digital
feedback partially coincide with the sampled dynamics of the con-
tinuouscontrolledsystem. Here partiallymeans thatone will require
the approximatedreproductionof the observabledynamics. As far as
the dynamics that are made unobservableunder the continuous-time
control law are concerned, one shows that their stability remains un-
changed, at least locally, under the proposed digital control scheme.
This type of design requires a faster variation of the inputs, as dis-
cussed in Ref. 10, where digital control schemes involving multiple
sampling and holding rates have been proposed. In what follows
we argue, as in Ref. 11, to obtain a multirate control scheme to get
asymptotictracking of a referencetrajectory. Because our aim is the
reproduction of the input-output dynamics, the digital control must
be designed such that the evolutions [Eq. (13)] are reproduced at the
sampling instants:

zia[(k + 1)8]
: =exp|$ : : ’ :
[k + 1)8] 0 o
G —k; _ki,r,' -1 _ki,r,'
7i,1(k8)
x : = Ci[8, k8, x (k8)] i=1,....m (14)
Zi,r,‘ (k5)

with 8 the sampling period. Recalling the meaning of the z; ;, this
means that the m outputs and their first 7; — 1 derivatives are repro-
duced at the sampling instants. This reproduction may be achieved
making use of a multirate on each input channel. In fact, one can
intuitively understand that to satisfy

m

>

i=1

constraints on the dynamics one needs at least the same number of
controls. We use the same multirate order on each input channel,
i.e.,r = max{r;}. This choiceis not minimal and gives extradegrees
of freedom, as discussed later on.

The direct digital design procedure we propose is based on
the multirate sampled dynamics hereinafter introduced. Holding
in Eq. (10), the controls constant over time intervals of amplitude
8 =§/r and defining the digital control vector u¢ (k) as

ull(k)y for te[kS, (k+ (1/r))8)
ul (k) = : (15)
u (k) for te[(k+I[r—1/rDs, (k+ 1))
one gets the multirate sampled dynamics
x4k +1) = F[8, k8, x* (k), u? k), ..., u" (k)]
= F[8, k&, x* (k), u® (k)] (16)

where F (-, -, -, -) is analytic in its arguments and admits a series
expansion in 8. The expression of F in terms of the control vari-
ables and 4 is given in Appendix A and corresponds to the compo-
sition of the sampled dynamics over r intervals of amplitude §/r
when the controls are piecewise constant and successively equal to
ul' k), ..., u% (k).

Setting z; (k) =£';(hi)|ka,xd(k) fori=1,...,mand j=0,...,
r; — 1, the problem corresponds to finding a digital feedback law
u?(ky =y ks, x?(k)],i =1, ..., r,under which

B () @+ sxte+ 1)

4 k+1
M . Lrhi() g+ sxde+1)
2, (k+1) o
" Ly 1hi(x)|(k+l)6,x"(k+1)
= Dil8, k8, x* (k), u (k)] i=1,....m (17
are equal to Eq. (14), i.e.,
D;[8, k8, x (k), u’ (k)] = C;[8, k8, x (k8)] (18)

when x“(k) = x(k8) and x?(k + 1) is computed according to the
multirate dynamics [Eq. (16)].

Note that the control u (k) appears explicitly in D; because it is
the unknown to be determined, while C; correspondto the sampling
of the continuous-time feedback system given in Eq. (14).

To satisfy these equalities,

m

>

i=1

control variables at time k§ are required. The remaining

m

p=mr— Zr,-

i=1

controls can be determined by imposing other requirements to im-
prove the intersampling dynamic behavior. In our case study we set,
in correspondenceof p intermediate sampled instants, the following
equalities

2tk + (€/r)] = Lhh|

(k4 1)8.x [k +(¢/r)]
= 2, Ak + (€/r)81) = Ci ;[ (£/)8, k8, x (k&) (19)
with x[k + (¢/r)]= F[(£/r)8, k8, x* (k), u®' (k), . .., u’* (k)] and

£ integer less than r. The equalities of Eqs. (18) and (19) can be
symbolically rewritten as

D, [8, k8, x4 (k), u? (k)] Ci[8, k8, x(k8)]

: (20)
Cl8, k8, x(k8)]

Cru 1118, k3, x(k3)]

D,,[8, k8, x?(k), u’ (k)]
D,y 4118, k8, x4 (k), u’ (k)]

where D,, 1[5, k8, x (k), u? (k)] and C,, . [8, k8, x (k8)] regroup
the p equalitiesof Eq. (19). The expressionsof the terms in Eq. (20)
are given in Appendix A.

The existence of the solution of Eq. (20) derives from the implicit
function theorem. In fact, expanding both sides of Eq. (20) in series
with respect to 8, rearranging the terms as

208, k8, x1) + AL (S, k8, x4, u?)
=08, k8, x) + AB)p' (5, k8, x) (21)

is possible with A’ = p® when x4 (k) = x (k§) and A(§) is a nonsin-
gular block diagonal matrix depending on § only. Hence, one has to
satisfy an equality of the form (see Appendix A for details)

00 5_,— j+1 .
D5 [Z Rk, 2 | D = 218, k8, x*, u)
j=0"7" Li=1

J

[o¢] 5

_ 1 _ )

=0'(8.k8,x) = _E 0 ~pik8,2) (22)
J=

with
J . .
NG if i=1
(’4 ) - {ud ® (ud)(i—l) if i>1

and where ® denotes the tensor product.
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Note that stopping at the first term, i.e., setting § =0, and substi-
tutingu? (k) = y[k8, x(k8)] to u? into Eq. (22), one obtains an iden-
tity (see Appendix A). Hence the continuousfeedback y[k5, x (k§)]
represents the first approximation of a solution to Eq. (22), and
therefore a sufficient condition for the existence of a solution, in the
neighborhood of [0, k8, x?(k), u(k8)], is given by

detA[kS, x¥ (k)] #0 with A[kS, x4 (k)] = Ao; (k8, x9)

x4 (k)
(23)

Remark 3: The nonsingularity of A[k, x?(k)] depends on the
choice of the multirate orders and on the nonsingularity of the
continuous-timedecoupling matrix A(z, x). O

We conclude this section by pointing out some details on the
computation of the digital control law. Let us expand the solution
of Eq. (22), denoted as u? (k) = y¢[8, k8, x (k8), x¢ (k)], in powers
of § as

u (k) = u(k8) + swi k) + 5—w2 (k) + — i TR 4(k) + -

—u(ks) + Z—w k) (24)

]*1

with u(k8) = y[k8, x(k8)]. Substituting Eq. (24) into u¢ into
Eq. (22) and regrouping in powers in §, one gets the equality of
series

Ao (k, x")+Z {A(k xyw (k)

]*1

o[k x uks), wi_, (0]}

ik + 3 —p,(ka x) (25)

]*1

with ¢; appropriatefunctions. The correctiveterms wd (k)inEq.(24)
can be computed iteratively noting that A, (k, x¥) = p(k8, x) and
equating the terms of the same power in §. Under the hypothesis of
nonsingularity of the matrix A[k, x¢(k)], one works out

wi (k) = 27" Tk, x! ()1{ s k8, x“ (k)]

—g;[k xRy uks), wi_,_ 0]} j=12... 26
The coefficients in Eq. (25) are given in Appendix B, particularized
to our case study.

Limiting Eq. (24) to a finite number of corrective terms wd k),
j=1,...,s, with s arbitrarily large, one obtains the approx1mated
solution

ul (k) = u(k8) + swi (k) + -+ -+ (8* /sHw! (k) 27)

which guarantees the control requirements [Eq. (20)] up to an error
in 0(8)'+5+ 1).

IV. Attitude Tracking via Nonlinear Digital Control

Hereinafter, the digital control techniquerecalledin the preceding
section is applied to the case study of a rigid spacecraft, modeled by
Eq. (9). The actuatorsare gas jets and reaction wheels. The vector of
controlled variablesis e() = [e;(t) e,(t) e5(¢)]”.Inour formalism
the attitude control problem reduces to a stabilization problem and
can bereformulatedas follows: find a controllaw thatasymptotically
bringse; (1), i =1, 2, 3, to 0, namely lim, _, , e(¢) =0.

Because the nonlinear digital controller has the continuous-time
feedback as a first approximation [cf. Eq. (27)], the first step of the
design is to compute the input-output linearizing and decoupling
control. With respect to the outputs e(?), achieving static feedback
input-outputlinearization and decoupling with stability is possible
as follows. The time derivatives of the outputs are

é(t) = $Rle(n)]w. (1) (28a)

é(1) = =2l (1) [1%e(t) + 1 Rle(t)]w. (1)
=—tllw.()|?e(t) = R[] P N[w, (1), (1), 0, (1)]
—1R[e)]Ya(t) + $RIe(D)]P[uc (1) — u, (1)] (28b)

Hence the relative degrees are r; =2, i =1, 2, 3. In Eq. (28b) |||
denotes the usual Euclidean norm.

To obtain the input-output linearizing and decoupling control
law, inverting R[(e(?)] is necessary. This inverse is given by

e + el ele, +ege;  eje3 —epe,
-1
[e(H)] = — | @e: e e+e e +ee
eles +eges  ere; — epe e + e?

eel , o7
=— —¢+el; =R (e)+—
€o €

which exists if ey (¢) # 0.
Hence if ey (7) # 0, from Eq. (28b) one obtains**!2

u (t, x) —u, (1, x) = 2P R~ [e()]{v, (1) + Hlw, (1) [12e(t)

+ 1 R[e()]PNw, (1), (1), 0, (0] + LRIy (]} (29)

which is well defined and leads to a decoupled and linear input-
output behavioré(t) = v, (¢).
To ensure the stability of the dynamics of the reaction wheels,

—Piu (1, x) + Pu,(t, x) = =P N[w.(1), Q(1), wy(1)]
— Ya(t) + 0a(1) (30)
With this constraint the reaction wheel dynamics becomes Q)=

Uy (t)
Solving Egs. (29) and (30), one obtains

(1, x) = N, (1), Q(1), 0g(1)] + JypVa ()
”w;(t)“ Joe(t) + 20 R~ e®vi () + Jyva(t) - (Bla)
uy (1, x) = J2e O "()” Jre() +J,{2R e () + v (D)} (31b)

The control
| ue(t, %)
RGeS
given by Eq. (31) has the same form as Eq. (11) with

1 _1
A = {ZR[em]Pl 2R[e(t)]Pl} 32)

—P P,
nonsingular on
U= [x

3
Zeiz = landey # O}

i=0
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Note that (P, — P))=J~ lis always invertible. Moreover,

l"l(t,x)i|

I, x) = [Fz(t, )

is defined everywhere.

Remark 4: The choice of the attitude error to describe the space-
craft attitude corresponds to reducing the tracking problems of a
desired reference frame RI; to rest-to-rest maneuvers. As RT';
reaches the final configuration, w, () =0 and w, () = w(?); hence,
the spacecraft must reach the final attitude given by the final values

°f o)

i.e., the final part of the maneuver can be described simply by the
dynamics of

p
as in Refs. 3 and 4.

Remark 5: The control law [Eq. (31)] is singular for ey = 0; this
corresponds to an attitude error of 7 or multiple. The singularity
can be avoided by considering an appropriate angular velocity of
the desired frame that must be not too high or an appropriate control
action that must be strong enough to prevent an attitude error of £7.

The feedback system is hence diffeomorphic to the following
system with linear input-outputdynamics

é(t) = (1) (33a)

éo(t) = —%eT(t)w.,(t) =— el (ne(r) (33b)

1
ey(t)
Q1) = v, (1) (33¢)

where w, (1) is obtained from Eq. (28a) and

e(ve’ (1) } _
ey(t) ey(t)

e" (R '[e()] = eTm{RT[e(t)] +

To achieve asymptotic tracking and to obtain stable dynamics for
the reaction wheels, the external control is

—Ke(t) — Kye(t
v = vy _ 1e(t) 2e(1) (34)
() —K;Q (@)
with K, K,, K5 appropriate positive definite matrices.

The feedback control system is diffeomorfic to the linear error
dynamics

é(1) + K,é(t) + Kqe(t) =0
, (35)
Q)+ K;Q) =0

together with the residual dynamics [Eq. (33b)]. Note that the dy-
namics [Eq. (33b)] is in reality redundant because the four quater-
nions are linked by a constraintrelation.

Note that, in the continuous-time context and assuming that the
system [Eq. (9)] has a nonsingular decoupling matrix [Eq. (32)],
the continuous-time control law [Eqgs. (31), (34)] ensures that e(?),
é(t) converge asymptotically to zero with bounded-state evolution.
In fact, the appropriate choice of K|, K, ensures that e(t) and é(t)
tend to 0 ast — oo and, from Eq. (33b) ¢y(#) — 0. Moreover from
the constraint relationship ey (t) — 1, and because from Eq. (3),

o0 (t
w.(t) = 2R [e(1)] [e;é)) }

then w,(t) = 0 as t — oo. Finally, the appropriate choice of K3

—{Llw.)1Pe(t) + LR[e®IP N{w. (1), (1), wa ()] + 1 Ry, (1)}
{PiN[0.(). Q). 0, (D] + Y (D)}

ensures that Q () — 0; if K3 =0, the reaction wheel angular veloc-
ity is simply bounded.

Remark 6: The factthate(t), é(t) converge asymptoticallyto zero
means that the quaternions p(?), describing the real attitude of the
spacecraft,and their derivatives p () converge asymptoticallyto the
references ¢ (t) with derivatives ¢(¢). No hypotheses on the refer-
ences have been made so far. But, to preventsaturationon the inputs,
some restraints must be imposed on the reference derivatives go(t),
q(t) and go(1), g(t) [go(?), q(t) is always bounded by definition of
quaternions] and on the desired angular velocity and acceleration
w4(1), Yq(t). Recalling Remark 2, one can impose conditions on
the velocities and accelerations €, (1), €4(t), ®4(t), Dy (1). O

Remark 7: The continuous-timecontrollaw [Eq. (31)] is based on
the knowledge of the state vector, which is deduced from integrating
the kinematicequationsof Eq. (3), drivenby the angularrates w,, (1),
i=1,2,3,issued from gyro packages. a

We can now compute the approximated nonlinear digital con-
troller [Eq. (27)]. In the case of the spacecraft all of the relative
degrees being equal to 2, one looks for a multirate control of order
2 to require the reproduction at the sampling instants of the out-
puts e(?) and their first derivatives. To fully exploit the potential
of the multirate control, one may also consider the exact repro-
duction of the reaction wheel angular velocity €2(7) at the sam-
pling instants and at the subintervals. With this choice of added
outputs, the matrix A[k, x¢ (k)] is nonsingularif and only if the de-
coupling matrix A(x) appearing in the continuous-time control is
invertible [cf. Eq. (11)].

Remark 8: As noted in Sec. III, the choice of a multirate of order
r = max{r;} =2 on each input is not minimal,'° and other solutions
could be possible. Unfortunately,in our case it is not possible to use
a differentmultirate order because the matrix A[k, x¢ (k)] in Eq. (26)
turns out singular. If, for instance, the multirate corrective terms are
computed by imposing the reproduction of e(), é(t), and Q(¢) at
the sampling instants only, using a multirate control of order 2 on
u, and of order 1 on u, should be enough because with respect
to 2 (¢) the relative degree is 1. But with this choice the matrix
Ak, x? (k)] results are singular. This matrix is singular also in other
cases, e.g., if one tries to impose the reproduction of e(t), é(t), and
w, (1) at the sampling instants only and multirate controls of orders
2 and 1 on the two inputs. In particular, the matrix is singular also
if one imposes the exact reproduction of either w, (f) or €2(¢) and
multirate controls of order 2 on each input. Considering the exact
reproduction of w, () is sufficient because it is linked to e(t), é(t)
by the relationship w, (1) =2R~![e(r)]é(?); hence, the exact input-
output reproduction of the output and its derivatives ensures the
exact reproduction of w, (7), too. O

The digital multirate control will be approximated to the first
orderin §:

W ) = udl (k) - u,(k8) + sw? (k)
el | [ (k8) + sw? (k)

k) = ud? (k) - u (k) + sw?t(k)
Cu | [ u(k8) + w2 (k)

for the first and the second subinterval. Setting

dl k) w(lZ(k)

dlkzwel( i| d2k=|:el i|

ve [w,‘-’f(k) O Lwza
= e(t), » = Q()
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the relationshipsreportedin Appendix B give for the first corrective

term a k
(k)
wd(k)zl:wl }
! w2 (k)
—JL IS +20 LI+
_ 1 —Jr Ty T Ty 4305 | [iielks, x(k8)]
12| LJ b +100, —J 0 — 15 | Qi (ks x(k8)]
I —J 491
(37
with
i, (1, %) = N, (1), (1), 04 (O] + Ty ¥4 (1)
o, lo ) .
_— t 1) — ————eéy(1) | J, t
+[eo(t)w,,()wp() 220 e(t) | Jare(t)

oo ()12
2e0(1)

+ R e v ()} + 7,52 (x)

+ T (1) + 2T { R [e(0)]0, (x)

lwe (I

e 262(0)

llwe (DI
2@0 (t)

+ R [e(]v ()} + T, 02 (x)

i, (t, x) = [wa (we(t) — éo(f)i| Jre(t)

Té(t) + 20, { R [e()]0; (x)

. 1 .
éo(t) = —EeT(t)w,,(t), vi(x) = =K é(1) — Kye()

1
e(t) = ER[E(f)]we(f), v (x) = —K3Q(0)

ét) =v(x), v (x) = =K, é(t) — Kyé(t)
= (K? = Ky)é(t) + K  Kye (1)
el o
w, (1) = me(f) + R [e()]v (x)
Q) = (), 0 () = —K;Q(1) = K;Q(1)

o r eel
R™'[e()] = R [e(1)] + _e
0

Rle(1)] = eol; + e,

Nlw, (1), (1), wa(1)]
=[@e (1) + Y (O] % {Jlw, () + wa ()] — J,2(1)}
+ [ (1) + 0a(1)] X {Ju[@e () + Ya ()] + J, (1)}

The result of Ref. 11 can be recovered if one decides to com-
pute simply the corrective terms of the continuous-time control law
Au(x,t)=u,(x,t) —u,(x,1t), givenby Eq. (29), which determines
the input-output behavior. For a digital multirate control approxi-
mated to the first order in 4§,

ul (ky — ul (k) = Au’(k) = Auks) + sAw! (k)

ww—ww}

d —
AM@‘L&@—MM)

{u [kS, x(k8)] — u, [kS, x (k8)]}

(=)} RV I e

We can then conclude with the following statement that synthe-
sizes the result illustrated here.

Theorem 1: Assuming that the system in Eq. (9) has a nonsin-
gular decoupling matrix A(x), given by Eq. (32), then the multi-
rate discrete-time control law [Eq. (36)] ensures the reproduction,

approximated to the third order in §, at the sampling instants of
the input-output behavior of the continuous-time system under the
continuous-time control law [Eq. (31)] with asymptotical conver-
gence to zero of e(t), é(t), and bounded-stateevolution.

Proof: The proof of the approximation at the third order in §
can be obtained by using the expressions given in the Appendices.
Such a computation does not present any conceptual difficulty but
is notationally complex.

V. Simulations Results

In this last section we briefly presented and discussed the results
obtained under numerical simulations. They highlight the effec-
tiveness of the multirate control strategy [Eq. (36)] vs the digital
implementation of the nonlinear control [Eq. (31)].

The numerical simulations refer to the data of a simplified model
of the Satellite Pour I’Observationde la Tezze (S.P.O.T.) spacecraft
with inertia tensors given by

742 29 115
Jov =] 29 2443 113 | Kgm?
115 113 2442

10 0 0
J,=10 10 0 ]Kgm?
0 0 10

The desired attitude to be tracked by the spacecraft is specified
by the quaternions gy (t) = cos[®, (1) /2], g(t) = €,(t) sin[D (1) /2]
with Euler unit vector axis €,(¢), in the RC frame, given by

Gdl(t)=%COS(l)t, 6(12(1‘)=%Sin(1)t, €43 =\/§/3
while ®,(t) =3m sinw,t rad where w =0.04 rad/s and w; =0.02
rad/s. At the initial time RI" and RI; are not coincidentand, hence,
the initial attitude error between the two frames is almost 160 deg,
namely, ) =0.1736,e; = —0.4924, e, =0.3282, and e; = 0.7878.

The first simulation deals with the implementation of the
continuous-time nonlinear control law [Eqgs. (31) and (34)]. Fig-
ures 1 and 2 display the behavior of the attitude error e(¢) and the
gas-jet controls u, (7). The gas jets operate in a hypothetical con-
tinuous mode without saturation. The gains in the control laws in
Eq. (34) are chosen equal to K| =k I3, K, =k,[;, K3 = k315, with
k;=0.5,k; =0.25,and k3 = 0.5. The maneuverimplies a maximum
effort of almost 68 Nm (see u,, in Fig. 2).

1

‘eq

o 50 100 150 200
Fig.1 e(¢): control law (31) and (34).
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Fig.2 u,(t), Nm: control law (31) and (34).
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Fig.3 e(): control law (31) and (34) with zero-order holder.
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Fig.4 €X¢), rad/s: control law (31) and (34) with zero-order holder.
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Fig.5 u,.(¢), Nm: control law (31) and (34) with zero-order holder.
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Fig.6 u,(t) Nm: control law (31) and (34) with zero-order holder.

The second simulation deals with the implementation of the same
controllaw [Eqgs. (31) and (34)] with a sampling period § =1 s. Gas
jets operate more realistically in pulse mode, and saturations at 10
Nm for u,(t) and 5 Nm for u, (t) are assumed. Figures 3 and 4 show
the behavior of the attitude error e(?) and the angular rates €2(¢) of
the wheels whereas the controlsu, (t), u, () are shown in Figs. 5 and
6. After nearly 25 s the error increases, and ey (¢) goes toward zero
where a singularity in the control law is present. The simulations
display an unstable behaviorin less then 60 s.

The effectiveness of the multirate controller [Egs. (36) and (37)]
are displayed in Figs. 7-10 where a sampling period of § =2 s is

0 20 40 60 80 100 120
Fig.7 e(¢): control law (36) and (37).
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Fig. 8 €X¢), rad/s: control law (36) and (37).
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Fig.9 u,.(t), Nm: control law (36) and (37).
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Fig.10 u,(t), Nm: control law (36) and (37).

used therefore dividing the sampling interval into two subintervals
of § =1 s each. Under such a control action the convergenceto zero
of either e(¢) and Q(?) is obtained (Figs. 7 and 8). The inputs u,(t),
u,(t) are shown in Figs. 9 and 10. The more accurate control action
ensures the fulfillment of the tracking requirements (Fig. 11).

Note that the ripple in the €2; is due to the discontinuous on-
off control action. Once the error range is reduced, a continuous
control mode should be adopted, assuming the presence of actuators
powerful enough to ensure the desired tracking.

The main objection to the proposed multirate controller regards
the robustness of this control strategy. As shown in Refs. 17 and
18, here we briefly point out that experimental results on the pilot
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Fig.11 Body (py, p1) and desired (¢¢, g1 ) attitude quaternions: control
law (36) and (37).

platform Satellite Attitude Control Simulator (SACS) show that the
multirate controller does not degrade the robustness of the whole
control scheme. Referring to a prescribed tracking trajectory (see
Refs. 17 and 18 for further details), the multirate controller in
Eq. (36) ensures reductions up to 80% in terms of parameters de-
scribing the attitude pointing velocity (the settling time, defined as
the time necessary to reach the steady-state value for ¢, with 5%
error, and the maximum tracking error at the steady-state) and up to
27% in terms of fuel consumption (square L, norm of the input on
a finite time interval).

VI. Conclusions

Tracking control of desired attitude trajectories has been dis-
cussed, in continuous-time and digital contexts. The deterioration,
and possibly the instability, of the dynamics resulting from a sim-
ple discretizationand pulsed implementationof the continuous-time
controlis demonstrated,and a multirate digital controlis proposedto
recover the desired performance. Numerical simulations verify that
the controllerensures high performanceand fastresponse. The prac-
tical importance of the proposed multirate control scheme stands in
the performance improvements in the presence of sampled mea-
surements with slow rate. Lower limits in the sampling intervals
may result from the implementation of misure chains, which, for
increasing the feedback loop precision, make use of suitable sensor
data pre-elaboration. This may be the case of the more recent con-
trol schemes based on global positioning system sensors, as well
as those based on more classical star sensors. On the other hand, a
performanceimprovementcan be obtained at the price of a marginal
increase of the computational complexity of the control law. This
implies only an increase of the CPU capabilities; this is not really a
constraint thanks to the CPU’s increasing performance.

The study of the applicationof such a controllerto spacecraftwith
flexible appendages or in the presence of parameter uncertainties
presents remarkable complexity and will be the object of further
research.

Appendix A: Input-Output Reproduction
Under Multirate Digital Control

Let ¢*” (-) denote the exponential series defined by €’ ()=
[Z()+8FC) + -+ + % /kDF*() + ---1(-), where F is a dif-
ferential operator, Z is the identity operator, and o denotes the com-
position of operators. The multirate sampled dynamics in Eq. (16)
take the form

x4k +1) = F[8, k8, x* (k), u® k), ..., u" (k)]

= o0 (1) (A1)

k8.x% (k)
where Id denotes the 1dent1ty function, § = 8/r, XUy = L)+
d’(k)Lgl () + -t ull k)L, (), j = 1,...,r, and u% (k) =
[u] 4’ k) - d’ (k)]*, the constant 1nput vector over the jth
submterval of amphtude 5.
To compute Eq. (A1), according to Ref. 19, one has
xd(k F1)= egxdl o egxdz oo egxmfl o egxm (Id)|

k8,x% (k)

or, for the (£ + 1)th subinterval
Xk + (£/r)] = F[8, k8, x*(k), u’* (k), ..., u'(k)]

ngl ng[, |
= e o---0e 1d
AD |5 a0

In the same way for the variables zf,. in Eq. (17), one obtains the
formal expressions: '

d _ J
2 (k+1) = Lih|

(k+1)8.x (k + 1)
_ ixdt SX4 (pip
=e © oe (ﬁfh’)|k6,x"(k) (A2)
d _ iy
i (k+&/n]= ﬁfh' |(k+l)6,x"[k+((/r)]
_ xAt L AX
=e¢ o oe (ﬁfhi)|k6,x‘l(k) (A3)

where zfj (k + 1) admits the following expansion in powers of §:

d _ oxd 3XU (i
Ziw.f(k+1)_e or-roe (ﬁfh")|ka,xd(k)
gri—1=J N
— ,C’ h e — ri—1 ;
|k6 o (ry—1=pr k8 .x4 (k)

8 ri—Jjpri - ~ ri—1 de
el IR+ Y ap Lo £ ™ (k)

! t=1 k8 x? (k)
+0@ T

witha;, = (r — L+ 1)1 I+ —(r; =€)~/ Asimilarexpression
holds forz [k + /]

Denotmg by F, the sampled dynamics of the whole continu-
ous control system under the continuous-time feedback u(z, x) =
y[t, x(t)], one has

x[(k + 1)8] = F.[8, k3, x (k)] = eX" (1d)] (A

k&, x (k&)

where X°(:) =L () +yilt, x()1Lg () + - + yult, x(D)]L,, ().
This expression can be developed as (Al). Analogously, x{[k +
(£/r)18} = %" (Id)|s.rs)» Which returns the Eq. (A4) if £=r.
Finally,

2i,i[(k + 1)d] = e (E;h") |ka,x(ka)
(A5)

zi ;i {[k + (£/r)]18} = ettx (ﬁ h; )|k6 (ko)

where z; ;[(k + 1)8] admits the following expansionin powers of §:

2 [k + 18] = & (ﬁ';h") |ka,x(ka)

81 .
o —————— Ly

=L0h
i —1T= =)

! ’|k6»(k6)

ké,x(k8)

5"“7- ri ri—1
m|:£ h; +Z)/,[l‘ X(l‘)]LgJ,C h:|

j=1

ké,x(k8)

§ri—i+l

4+ X ﬁ"h
ri—j+ 1)!(

+ ZX”{)/_,—[t,x(t)]}ngﬁ';lh,)

j=1

Z yilt, x(O1X (L, £77 hy)

j=1

+ 0@

ké,x(k8)

A similar expression can be obtained for z; ; {[k + (£/r)]8}.



476 DI GENNARO, MONACO, AND NORMAND-CYROT

To reproduce the dynamics [Eq. (14)], one needs to satisfy the
equality of Eq. (20) where, from Egs. (A2), (A3), (AS),

ngl SX‘I' |
e o---0e h;
(hi) k8,x (k)

D;[8, k8, x* (k), u® (k)] = :
eSX‘“ 0--+0 eng' (ﬁrfflhi)|

k8,x (k)
sx¢
e (h")|ka,x(ka)
C;[8,k8,x(ké)] =
¢ r—1
e (ﬁf hi)|ka,x(ka)
i=1,...,m,and forsomei€[l,...,m], j€[0,...,r; —1], and

Lell,..., rl:
5ydl Sydt i
Dy 118, k8. x (k). u (k)] = [e‘”‘ oo™ (L) |ka,xa<k>]
Co a8, 85, 560 = [ (L), ]

Expanding Eq. (20) into the series of 8, for x?(k) =x(k8) one
obtains the relationshipin Eq. (21) with

whereas from Eq. (19) one has

sydl §yd2
eéX‘ Oe(ﬁX‘ (Q)

= X (Q)|

kaxd ) k8,x(k8)

eSXdl (Q)

_ bx¢
ke € (Q)|/«s,x(/«s)
Hence A (k, x?) = A(x?) has the expression

2L,Lje iL,Lse

)\,( d) LgLfe LgLfe
X =
L LS
L,Q 0

x4 (k)

%Al(x) _%Al(x) %Al(x) _%Al(x)

_ Ai(x) —A(x) Ai(x) —A(x)
—P P —P P
— P, P, 0 0

X (k)
with
LiLye = {1R[e()]P, —iR[e®)IP} =[A(x) —A ()]

LQ=(=P P

T The A(x?) is invertible if and only if the decoupling matrix
208, k8, x4y = p°(8, k8, x) = | - Ax) = A=A
Tt is invertible. In fact, its determinant (in absolute value) is the same
of the matrix obtained interchanging the fourth block row with the
ri— | third, the second one with the third, and subtracting L of the third
21 (k8) + 822 (k8) + -+ + (ri — l)gz“'f -1(kd) block row from the first:
T,' =
: A(x) —A(x) 0 0
Zi 1 (kS) -P P, 0 0 A 0
, , A A A —A@ | AR AW
i =1,....,m,and A(6) = diag{A;(8),..., A,(), A, 1108}, _p P _p P
A;(8) = diag{s",8"7~",..., 8}. The explicit expressions of Y, ;| ! 2 ! 2
and A, (8) depend on the particular choice of the equalities of
Eq. (19). One works out
Afl"‘(Pz—Pl)*lPlAf1 —éAfl—é(Pz—Pl)%PlAfl 0 (P, — P!
(Pz—Pl)flplAfl —é(Pz—Pl)quAfl 0 (P, — P!

)‘171 (Xd) —
—A = (P, = P P AT

—(P, - Pl)*lPlAf1

FAT +3(P = P) T PAT
2(P, — P)~'PAT!

Appendix B: Determination of the Multirate Digital
Control in the Case Study

As explained in Sec. IV, a choice that fully exploits the potential
of the multirate control is to add to the real output of the system
[y(t) =e(?)] the angular velocity 2(?), and, using a multirate of
order 2 on each input, to impose the exact reproduction of e(?) at
the sampling instants and that of €2 (¢) at these instants and at the
subintervals too. Hence Eq. (18) becomes

Sydl Tyd2
X" 0 X (e)

= X (e)|

kaxd ) k8, x(k8)

Sydl Syd2 .
X" 0 X7 (e)

_ L8XC ., |
=e e
kx4 (k) © k8,x(k8)

—(P,— P)™'P 421,
1 —(P,— P)'P
w (k) = = (P 711) |
12 | (P, = P)~'P, + 101,

(P,—P)7'Py

(P—P)™ —(P,— P!
(P,—P)™" —(P,—P)!

whereas the expression of p; — ¢, appearing in Eq. (26) is

pilkS, x(k8)] — @i [k, x7 k), u(kd)]

231\, Lye
2221) ¢

(22/2z>LgQ
1/2!

XAy, x(O)Bis c ko)

=

and hence

(P, — P)"'(=2P, +3P,) — 2I,
(P, — P)™'(—2P, +3Py)
(P, — P)~'(—=10P, +9P,) — 101,
(P, — P))™'(—10P, +9P,)

XAy, x(O)Bis c ks
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