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Nonlinear Digital Scheme for Attitude Tracking
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The paper deals with asymptotic tracking of a reference attitude trajectory for rigid spacecraft. Based on
differential equations that describe the error dynamics with respect to a given reference trajectory, the design
procedure is formulated as a stabilization problem. Both gas-jet and reaction-wheel control modes are considered.
Under mild smoothness assumptions on the reference trajectory, a nonlinear digital controller is proposed based
on a multirate control strategy. Simulation results show the effectiveness of the proposed digital control scheme.

I. Introduction

T HREE-AXIS attitude control of a rigid body has important
applications in high-performancecontrollers for pointing and

slewing of spacecraft,aircraft, and helicopters.Mostly for scienti� c
missionsthat impose stringentconstraints,modernnonlinearcontrol
methods,relyingon accuratemathematicalmodels of the spacecraft,
must be used in the design. On the other hand on-board digital
implementationof the control law requiresdigitaldesignprocedures
that avoid the deteriorationin performanceoccurringwhen a digital
implementation of the continuous controller is used.

Based ondesignproceduresintroducedin the last decade(Refs. 1,
2), � rst applications of multiaxis attitude control can be found in
Refs. 3 and 4 where feedback linearization is achieved. An exten-
sive study of the attitude control problem for spacecraftwith gas-jet
or reaction-wheel actuators is presented in Ref. 5 where nonlinear
control concepts are used to study the controllability with three,
two, or only one torque actuation. This paper shows that two inde-
pendent torques supplied by gas jets can be used for controlling the
rigid spacecraftaroundequilibriumtrajectories.In Ref. 6 a multiaxis
tracking-and-attitude control, related with problems of accuracy in
pointingand/or orientinga spacecraftwith reactionjets givingstruc-
tural criteria for the stability of the controlledsystem with emphasis
on the problems of disturbance rejectionand vibration suppression,
is presented. A local result, based on regulator theory, is presented
in Ref. 7 where the nonlinear regulationproblem of a rigid body, in
the presence of disturbances, is solved. In Ref. 8 attitude control of
a rigid body is devised in terms of passivity concepts and studied
making use of Lyapunov techniques.Global asymptotic tracking is
achievedundernonlinearcontrol laws characterizedby proportional
and derivative feedback actions, plus a feedforward compensation
of thenonlinearities.The proportionalactiondependson theattitude
error whereas the derivative action depends on the velocity errors.
The feedforward action, which compensates for the nonlinearities
in the dynamics, is computed on the basis of the real parameters or
their estimates (adaptive control).

The design procedure,used in this work for derivingthe proposed
nonlineardigital controller,is based on the observationthat the clas-
sical digital implementationof the continuous-timecontrol laws, by
means of zero-order holders, does not always give satisfactory re-
sults and may induce instability.At the same time direct digital de-
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sign methods, such as input-output decoupling and linearizationof
the equivalent sampled model, may induce instability of the control
system, even if the so-called zero dynamics of the continuous-time
system are asymptotically stable. This last phenomenon, also well
known in the linear case, is the consequence of the possible can-
cellation of the zero dynamics that appear under sampling and may
be unstable.9 A viable approach, which leads to a multirate piece-
wise constant control law, is proposed in this paper. The approach
resides in the design of a controller computed on the equivalent
sampled model with the aim of reproducing the performanceof the
continuous control scheme, i.e., the performance obtained under a
continuouscontroller. In particular,for input-outputdecouplingand
linearization, the nonlinear digital strategy must ensure the repro-
ductionat the sampling instantsof thedesiredinput–outputbehavior
overcoming the aforementioned stability problems.10 A � rst appli-
cation of this idea to spacecraft control for rest-to-rest maneuvers
has been given in Ref. 11.

This paper proposes a nonlinear discrete-time controller that
asymptotically tracks a desired reference trajectory. Based on the
differential equations describing the kinematics and dynamics of
the attitude error,12 the problem is formulated in a continuous-time
setting in terms of stabilization that is achieved by making use of
a linearizing feedback controller; this representsa generalizationto
time-varyingdynamics of the results in Ref. 3. Asymptotic tracking
is ensured under suitable restraints of the reference inputs. Gas-jet
and reaction-wheel actuators are considered. Extending the results
of Ref. 11, a digital scheme for tracking,based on multirate control,
is then proposed.

In Sec. II the equations describing the kinematics and dynamics
of the errors are given.Basic facts on nonlinearcontinuous-timeand
digital aspects are recalled in Sec. III. In Sec. IV the applicationto a
case study is developed.Simulation results are discussed in Sec. V.

II. Mathematical Model of a Rigid Spacecraft
An appropriatemathematicalmodel for studyingthe attitudecon-

trol problem of a rigid spacecraftmakes use of the kinematic equa-
tions, describing the position of the spacecraft depending on the
angular rates, and the dynamic equations, linking the angular rates
to the external torques acting on the spacecraft.

Let RC bea � xed inertialframewith origin O and R0 a noninertial
frame attached to the rigid body with origin O 0 ´ O . As usual, O
coincides with the center of mass of the main body. Let R0d be a
desired frame with origin O 0

d ´ O .
The attitude control problem can be qualitatively stated as fol-

lows: Find a control action such that R0 tracks R0d asymptotically.
The control action can either be performed by gas jets located on
the main body or by reactionwheels. The former actuatorsare typi-
cally used for large slew-attitude maneuvers or for desaturating the
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reaction wheels, whereas the latter are used for � ne slew-attitude
maneuvers.

A. Kinematics of the Attitude Error
The kinematic equations specify the time evolution of a set of

parameters de� ning the attitude of the spacecraft with respect to a
� xed inertial coordinate frame. There exist a number of parame-
terizations for describing the attitude of a rigid body in the space.
A minimal set of parameters is given by Euler angles ’, ° , and Ã
(Ref. 13). Although they are not de� ned uniquely, Euler angles are
used frequently to represent orientation, mainly because they have
an immediate interpretationas roll, pitch, and yaw angles. Minimal
parameterizationsgive rise to some computational complexity and
analytical singularities in the kinematic equations.

The nonminimal parameterization using the four Euler param-
eters, or unitary quaternions, is the one most usually consid-
ered.3;12¡14 Denoting by ²i , i D 1; 2; 3, the components of the Euler
axis direction expressed in the inertial frame RC and 8 the rotation
angle, the four unitary quaternions are de� ned as follows:

p0.t/ D cos
8.t/

2
; p.t/ D

p1.t/

p2.t/

p3.t/

D
²1.t/

²2.t/

²3.t/

sin
8.t/

2

subject to the constraint

3

i D 0

p2
i .t/ D 1

The quaternion parameterization is convenient not only because
the representation is free from inherent geometrical singularities
but also because the attitude matrix is algebraic in the quaternion
components,thus eliminating the need for transcendentalfunctions.
This fact and the fact that successiverotations follow the quaternion
multiplicationrulesmakequaternionssuitableforonboardreal-time
computations.Moreover,in contrastwith the parameterizationusing
an Euler angle, an attitude change is obtainedunder a single rotation
about an appropriate axis and is important from the standpoint of
fuel consumption and rapid retargeting.

Let

Op.t/ D
p0.t/

p.t/

denote the attitude of the body (i.e., the attitude of the reference
R0). Denoting by

Oq.t/ D
q0.t/

q.t/

the quaternionvectordescribingthedesiredattitude(i.e., the attitude
R0d ), the attitude error

Oe.t/ D
e0.t/

e.t/

is introduced; using the quaternion multiplication law, one obtains:

e0

e
D

p0q0 C pT q

p0q ¡ q0 p ¡ Qpq
(1)

where Qp is the dyadic representationof p, de� ned by the following
skew-symmetric matrix:

Qp D
0 ¡p3.t/ p2.t/

p3.t/ 0 ¡p1.t/

¡p2.t/ p1.t/ 0

The error Oe.t/ has the same coordinates when expressed either in
R0 or R0d , but not in RC . From Eq. (1) one can see that R0 and
R0d coincide if and only if e.t/ D 0.

We conclude this subsection by setting the kinematic equations
that describe the attitude rate error. Denoting by

!.t/ D [!1.t/ !2.t/ !3.t/]
T

!d .t/ D !d1 .t/ !d2 .t/ !d3 .t/
T

the angular rate of the spacecraft and the desired reference rate
respectively,both expressed in R0, set

!e.t/ D !.t/ ¡ !d.t/ (2)

By using the dyadic representation,the kinematic equations for the
attitudeerrors,expressedin the noninertialreferenceframe R0 � xed
with the main body, take the form4;12:

Pe0.t/

Pe.t/
D

1

2

0 ¡!T
e .t/

!e.t/ ¡ Q!e.t/

e0.t/

e.t/
D

1

2

¡eT .t/

R[e.t/]
!e.t/

(3)

with R.e/ D e0I3 C Qe, a 3 £ 3 matrix,and I3 the3 £ 3 identitymatrix.

B. Dynamic Equations of the Error Rates
The dynamic equations of a rigid spacecraft are obtained using

Euler’s theorem, i.e.,

PL tot.t/ D ¡!.t/ £ L tot.t/ C ue.t/ (4)

where the vectorsare expressedin the reference frame R0 and ue.t/
denotes the vector of the external torque acting on the spacecraft,
while L tot.t/ represents the total angular momentum of the system.

The dynamicsof the reactionwheelsaredescribedby theequation

PÄ.t/ D ¡ P!.t/ C J ¡1
r ur .t/ (5)

with Ä.t/ as the angular velocityof the reactionwheels with respect
to (w.r.t.) the main body, ur .t/ as the vector of the reaction torques,
and Jr as the .3£3/ symmetric inertia tensorof the reactionwheels.

The total angular momentum has the following expression:

L tot[!.t/; Ä.t/] D Jtot!.t/ C Jr Ä.t/ (6)

with Jmb as the .3 £ 3/ symmetric inertia tensor of the main body
and Jtot D Jmb C Jr relative to the whole structure.

If !.t/ D !e.t/ C !d.t/ is substituted into Eqs. (4–6), one gets

P!e.t/ D ¡P1 N [!e.t/; Ä.t/; !d .t/] C P1ue.t/ ¡ P1ur .t/ ¡ Ãd.t/

(7)

PÄ.t/ D P1 N [!e.t/; Ä.t/; !d.t/] ¡ P1ue.t/ C P2ur .t/ C Ãd .t/

(8)

where

N [!e.t/; Ä.t/; !d .t/] D N1[!e.t/] C N2[!e.t/; Ä.t/]

C N3[!e.t/; Ä.t/; !d.t/]

N1[!e.t/] D !e.t/ £ Jtot!e.t/

N2[!e.t/; Ä.t/] D !e.t/ £ Jr Ä.t/

N3[!e.t/; Ä.t/; !d .t/] D !e.t/ £ Jtot!d .t/ C !d.t/ £ Jtot!e.t/

C !d.t/ £ Jtot!d.t/ C !d.t/ £ Jr Ä.t/

Ãd .t/ D P!d.t/

the angular acceleration of R0d w.r.t. R0 (expressed in R0),

P1 D J ¡1
mb ; P2 D J ¡1

mb C J ¡1
r

.3 £ 3/ symmetric matrices.
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Remark 1: The time-varying terms in Eqs. (7) and (8) could
be directly canceled de� ning ue.t/ D Nue.t/ C JmbÃd .t/ C N3[!e.t/;
Ä.t/; !d.t/], and so obtaining an autonomous system. This could
be useful for designing the continuous-timecontrol, but not for de-
riving the digital controller by using the multirate technique,which
is the aim of this paper. In fact, as clari� ed in the following sections,
working directlyon the time-varyingmodel to derive the digital law
is more convenient.

C. Mathematical Model in the Error Variables
Equations (3), (7), and (8) constitute the mathematical model of

the error dynamics of a rigid spacecraftw.r.t. a given trajectory,3;4;12

repeated here for clarity:

Pe0.t/

Pe.t/
D

1

2

0 ¡!T
e .t/

!e.t/ ¡ Q!e.t/

e0.t/

e.t/
(9)

P!e.t/ D ¡P1 N [!e.t/; Ä.t/; !d.t/] C P1ue.t/ ¡ P1ur .t/ ¡ Ãd.t/

PÄ.t/ D P1 N [!e.t/; Ä.t/; !d .t/] ¡ P1ue.t/ C P2ur .t/ C Ãd.t/

This model has the form Px.t/ D f [t; x.t/] C Bu.t/ where the state
is the 10 £ 1 vector x.t/ D [e0.t/ eT .t/ !T

e .t/ ÄT .t/]T , and

f [t; x.t/] D

1

2

0 ¡!T
e .t/

!e.t/ ¡ Q!e.t/

e0.t/

e.t/

¡P1 N [!e.t/; Ä.t/; !d.t/] ¡ Ãd .t/

P1 N [!e.t/; Ä.t/; !d .t/] C Ãd.t/

B D
0 0

P1 ¡P1

¡P1 P2

; u.t/ D
ue.t/

ur .t/

Remark 2: Note that the explicit dependence on t of f occurs
through the reference trajectory. In fact, the expressions of !d.t/
and Ãd.t/ appearing in Eq. (9) are computed from the given de-
sired quaternions q.t/ and their derivatives Pq.t/, making use of the
relationships

!d.t/ D Rbd N!d .t/; Ãd .t/ D Rbd
NÃd .t/

N!d.t/ D 2R2[q.t/]
Pq0.t/

Pq.t/

NÃd .t/ D PN!d .t/ D 2R2[q.t/]
Rq0.t/

Rq.t/

where Rbd D R1.p/RT
2 .p/R2.q/RT

1 .q/ is the rotation matrix that
transforms vectors expressed in R0d into vectors expressed in R0,
R1.q/ D [¡q R.q/], R2.q/ D [¡q RT .q/] 3 £ 4 matrices

q0; q D
q1

q2

q3

generic quaternion

and

Pq0.t/ D ¡
P8d .t/

2
sin

8d.t/

2

Pq.t/ D P²d .t/ sin
8d.t/

2
C ²d.t/

P8d.t/

2
cos

8d.t/

2

Rq0.t/ D ¡
R8d.t/

2
sin

8d .t/

2
¡

P82
d.t/

4
cos

8d.t/

2

Rq.t/ D R²d.t/ sin
8d .t/

2
C P²d.t/ P8d .t/ cos

8d .t/

2

C ²d.t/
R8d .t/

2
cos

8d .t/

2
¡ ²d .t/

P82
d.t/

4
sin

8d.t/

2

with ²d.t/ and 8d.t/ as the desiredEuler axis directionand rotation
angle. To ensure bounded values for !d .t/ and Ãd .t/, appropriate
conditions are needed on P²d .t/, R²d .t/, P8d.t/, and R8d .t/.

Once the referenceshave been � xed and the mathematical model
[Eq. (9)] describingthe trackingerrorshasbeenwritten, the problem
can be reformulated as a stabilization problem of any equilibrium
such that e0.t/ D 1, e.t/ D 0, !e.t/ D 0, and Ä.t/ is bounded.

III. Design of a Nonlinear Digital Controller:
Multirate Piecewise Constant Control

In this section we recall some basic facts concerning the digital
techniqueused in the next section for design of the nonlineardigital
controller. Input–output feedback decoupling and linearizationof a
multivariable square nonlinear system, introduced in Refs. 1 and 2
and appliedfor the � rst time to theattitudecontrolproblemin Ref. 3,
generalize the basic design procedure introducedby Ref. 15 for lin-
ear systems. In that context input–output decoupling was achieved
by making unobservable those parts of the internal dynamics that
characterize intrinsic coupling between input and output channels.
Analogously,in thenonlinearcontextthe feedbackcon� nes the cou-
plings and the nonlinearities to the unobservable part and renders
the control system linear and decoupled. Input–output decoupling
and linearization under static feedback are obtained under partial
cancellationof internal nonlinear dynamics, which must be asymp-
totically stable.16

Given a square time-varying system

Px D f .t; x/ C
m

i D 1

gi .x/ui D f .t; x/ C g.x/u

(10)
yi D hi .x/ i D 1; : : : ; m

where f .t ; x/ and g1.x/; : : : ; gm .x/ are analytic vector � elds and
h i .x/ are m analytic functions, the state feedback

u.t; x/ D ° [t; x.t/; v.t/]

D

LgLr1 ¡ 1
f h1.x/

:::

LgLrm ¡ 1
f hm .x/

¡1

v.t/ ¡

Lr1
f h1.x/

:::

Lrm
f hm.x/

D A¡1.t; x/[v.t/ ¡ 0.t; x/] (11)

well de� ned on an open subset U of the state space, renders the
feedback system diffeomorphic to a system composed of linear and
decoupledinput–outputdynamicsand possiblynonlinearunobserv-
able dynamics16:

Pzi;1 D zi;2; : : : ; Pzi;ri ¡1 D zi;ri ; Pzi;ri D vi

PÃ D q.t ; z; Ã/ C p.t ; z; Ã/v; i D 1; : : : ; m

yi D zi;1

where p.t; z; Ã/ may be equal to 0. Here zi; j D L j
f hi .x/, i D

1, : : : ; m, j D 0; : : : ; ri ¡1, and L¸ denotes the differentialoperator
de� ned as

L¸Á :D L¸Á C @Á

@ t
D

n

i D 1

@Á

@xi
¸i C @Á

@t

where L¸Á is the usual Lie derivative of the generic vector � eld
Á.t; x/ in the direction of ¸.

Choosing the external control as

v D
v1

:::
vm

D
¡k1;1z1;1 C ¢ ¢ ¢ ¡ k1;r1 z1;r1

:::
¡km ;1zm ;1 C ¢ ¢ ¢ ¡ km;rm zm ;rm

(12)
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one obtains the dynamics

Pzi; j D zi; j C 1; j D 1; : : : ; ri ¡ 1

Pzi;ri D ¡ki;1zi;1 C ¢ ¢ ¢ ¡ ki;ri zi;ri ; i D 1; : : : ; m (13)

where the coef� cients ki; j de� ne Hurwitz polynomials sri C
ki;ri s

ri ¡ 1 C ¢ ¢ ¢ C ki;1 . This property ensures asymptotic tracking
with linear input-output behavior if the residual unobservable dy-
namics remain stable.

As previously noted, the digital implementation of the control
[Eq. (11)] presents some drawbacks. The following discussion
shows that by using multirate control strategy on the inputs it is
possible to let the sampled evolutions of the plant under digital
feedback partially coincide with the sampled dynamics of the con-
tinuouscontrolledsystem.Herepartiallymeans thatonewill require
the approximatedreproductionof theobservabledynamics.As far as
the dynamics that are made unobservableunder the continuous-time
control law are concerned,one shows that their stabilityremains un-
changed,at least locally, under the proposed digital control scheme.
This type of design requires a faster variation of the inputs, as dis-
cussed in Ref. 10, where digital control schemes involvingmultiple
sampling and holding rates have been proposed. In what follows
we argue, as in Ref. 11, to obtain a multirate control scheme to get
asymptotictrackingof a referencetrajectory.Becauseour aim is the
reproductionof the input–output dynamics, the digital control must
be designedsuch that the evolutions[Eq. (13)] are reproducedat the
sampling instants:

zi;1[.k C 1/±]
:::

zi;ri [.k C 1/±]

D exp ±

0 1 ¢ ¢ ¢ 0
:::

:::
: : :

:::

0 0 ¢ ¢ ¢ 1

¡ki;1 ¡ki;ri ¡ 1 ¢ ¢ ¢ ¡ki;ri

£

zi;1.k±/
:::

zi;ri .k±/

:D Ci [±; k±; x.k±/] i D 1; : : : ; m (14)

with ± the sampling period. Recalling the meaning of the zi; j , this
means that the m outputs and their � rst ri ¡ 1 derivativesare repro-
duced at the sampling instants. This reproduction may be achieved
making use of a multirate on each input channel. In fact, one can
intuitively understand that to satisfy

m

i D 1

ri

constraints on the dynamics one needs at least the same number of
controls. We use the same multirate order on each input channel,
i.e., r D maxfri g. This choice is not minimal and gives extra degrees
of freedom, as discussed later on.

The direct digital design procedure we propose is based on
the multirate sampled dynamics hereinafter introduced. Holding
in Eq. (10), the controls constant over time intervals of amplitude
N± D ±=r and de� ning the digital control vector ud .k/ as

ud .k/ D

ud1.k/ for t 2 [k±; .k C .1=r//±/

:::

udr .k/ for t 2 [.k C [.r ¡ 1/=r]/±; .k C 1/±/

(15)

one gets the multirate sampled dynamics

xd.k C 1/ D F[±; k±; xd .k/; ud1.k/; : : : ; udr .k/]

D F[±; k±; xd.k/; ud.k/] (16)

where F .¢; ¢; ¢; ¢/ is analytic in its arguments and admits a series
expansion in ±. The expression of F in terms of the control vari-
ables and ± is given in Appendix A and corresponds to the compo-
sition of the sampled dynamics over r intervals of amplitude ±=r
when the controls are piecewise constant and successively equal to
ud1.k/; : : : ; udr .k/.

Setting zd
i; j .k/ D L j

f .hi /jk±;x d .k/ for i D 1; : : : ; m and j D 0; : : : ,
ri ¡ 1, the problem corresponds to � nding a digital feedback law
udi .k/ D ° d i [k±; xd .k/], i D 1; : : : ; r , under which

zd
i;1.k C 1/

:::

zd
i;ri

.k C 1/

D

h i .x/j.k C 1/±;xd .k C 1/

L f h i .x/j.k C 1/±;x d .k C 1/

:::

Lri ¡ 1
f h i .x/j.k C 1/±;x d .k C 1/

:D Di [±; k±; xd.k/; ud.k/] i D 1; : : : ; m (17)

are equal to Eq. (14), i.e.,

Di [±; k±; xd.k/; ud.k/] D Ci [±; k±; x.k±/] (18)

when xd.k/ D x.k±/ and xd .k C 1/ is computed according to the
multirate dynamics [Eq. (16)].

Note that the control ud .k/ appears explicitly in Di because it is
the unknown to be determined,while Ci correspond to the sampling
of the continuous-timefeedback system given in Eq. (14).

To satisfy these equalities,
m

i D 1

ri

control variables at time k± are required. The remaining

p D mr ¡
m

i D 1

ri

controls can be determined by imposing other requirements to im-
prove the intersamplingdynamic behavior. In our case study we set,
in correspondenceof p intermediatesampled instants, the following
equalities

zd
i; j [k C .`=r/] D L j

f h i
.k C 1/±;xd [k C .`=r/]

D zi; j f[k C .`=r/±]g D Ci; j [.`=r/±; k±; x.k±/] (19)

with xd [k C .`=r/] D F [.`=r /±; k±; xd.k/; ud1.k/; : : : ; ud`.k/] and
` integer less than r . The equalities of Eqs. (18) and (19) can be
symbolically rewritten as

D1[±; k±; xd .k/; ud.k/]
:::

Dm[±; k±; xd.k/; ud.k/]

Dm C 1[.±; k±; xd.k/; ud.k/]

D

C1[±; k±; x.k±/]
:::

Cm [±; k±; x.k±/]

Cm C 1[±; k±; x.k±/]

(20)

where Dm C 1[±; k±; xd .k/; ud.k/] and Cm C 1[±; k±; x.k±/] regroup
the p equalitiesof Eq. (19). The expressionsof the terms in Eq. (20)
are given in Appendix A.

The existenceof the solutionof Eq. (20) derives from the implicit
function theorem. In fact, expandingboth sides of Eq. (20) in series
with respect to ±, rearranging the terms as

¸0.±; k±; xd / C 1.±/¸1.±; k±; xd ; ud/

D ½0.±; k±; x/ C 1.±/½1.±; k±; x/ (21)

is possible with ¸0 D ½0 when xd.k/ D x.k±/ and 1.±/ is a nonsin-
gular block diagonal matrix dependingon ± only. Hence, one has to
satisfy an equality of the form (see Appendix A for details)

1

j D 0

± j

j !

j C 1

i D 1

¸ ji .k; xd/ .ud/.i / D ¸1.±; k±; xd ; ud/

D ½1.±; k±; x/ D
1

j D 0

± j

j !
½ j .k±; x/ (22)

with

.ud/.i/ D ud if i D 1
ud ­.ud/.i ¡ 1/ if i > 1

and where ­denotes the tensor product.
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Note that stopping at the � rst term, i.e., setting ± D 0, and substi-
tutingud.k/ D ° [k±; x.k±/] to ud into Eq. (22), one obtainsan iden-
tity (see AppendixA). Hence the continuousfeedback° [k±; x.k±/]
represents the � rst approximation of a solution to Eq. (22), and
thereforea suf� cient conditionfor the existenceof a solution, in the
neighborhoodof [0; k±; xd .k/; u.k±/], is given by

det¸[k±; xd.k/] 6D 0 with ¸[k±; xd.k/] D ¸01.k±; xd/
xd .k/

(23)

Remark 3: The nonsingularity of ¸[k; xd .k/] depends on the
choice of the multirate orders and on the nonsingularity of the
continuous-timedecoupling matrix A.t; x/.

We conclude this section by pointing out some details on the
computation of the digital control law. Let us expand the solution
of Eq. (22), denoted as ud .k/ D ° d [±; k±; x.k±/; xd .k/], in powers
of ± as

ud .k/ D u.k±/ C ±wd
1 .k/ C ±2

2!
wd

2 .k/ C ±3

3!
wd

3 .k/ C ¢ ¢ ¢

D u.k±/ C
1

j D 1

± j

j !
wd

j .k/ (24)

with u.k±/ D ° [k±; x.k±/]. Substituting Eq. (24) into ud into
Eq. (22) and regrouping in powers in ±, one gets the equality of
series

¸01.k; xd / C
1

j D 1

± j

j !
¸.k; xd/wd

j .k/

C ’ j k; xd ; u.k±/; wd
1 · ` · j ¡ 1.k/

D ½0.k±; x/ C
1

j D 1

± j

j !
½ j .k±; x/ (25)

with ’ j appropriatefunctions.The correctivetermswd
j .k/ in Eq. (24)

can be computed iteratively noting that ¸01.k; xd / D ½0.k±; x/ and
equating the terms of the same power in ±. Under the hypothesis of
nonsingularityof the matrix ¸[k; xd.k/], one works out

wd
j .k/ D ¸¡1[k; xd .k/] ½i [k±; xd.k/]

¡ ’ j k; xd.k/; u.k±/; wd
1 · ` · j ¡ 1.k/ j D 1; 2; : : : (26)

The coef� cients in Eq. (25) are given in Appendix B, particularized
to our case study.

Limiting Eq. (24) to a � nite number of corrective terms wd
j .k/,

j D 1; : : : ; s, with s arbitrarily large, one obtains the approximated
solution

ud
a .k/ D u.k±/ C ±wd

1 .k/ C ¢ ¢ ¢ C .±s=s!/wd
s .k/ (27)

which guarantees the control requirements [Eq. (20)] up to an error
in O.±r C s C 1/.

IV. Attitude Tracking via Nonlinear Digital Control
Hereinafter, thedigital control techniquerecalledin thepreceding

section is applied to the case study of a rigid spacecraft,modeled by
Eq. (9). The actuatorsare gas jets and reactionwheels.The vectorof
controlledvariablesis e.t/ D [e1.t/ e2.t/ e3.t/]T . In our formalism
the attitude control problem reduces to a stabilizationproblem and
can be reformulatedas follows:� nda controllawthatasymptotically
brings ei .t/, i D 1; 2; 3, to 0, namely limt ! 1 e.t/ D 0.

Because the nonlinear digital controller has the continuous-time
feedback as a � rst approximation [cf. Eq. (27)], the � rst step of the
design is to compute the input–output linearizing and decoupling
control. With respect to the outputs e.t/, achieving static feedback
input-output linearization and decoupling with stability is possible
as follows. The time derivatives of the outputs are

Pe.t/ D 1
2
R[e.t/]!e.t/ (28a)

Re.t/ D ¡ 1
4
k!e.t/k2e.t/ C 1

2
R[e.t/] P!e.t/

D ¡ 1
4
k!e.t/k2e.t/ ¡ 1

2
R[e.t/]P1 N [!e.t/; Ä.t/; !d.t/]

¡ 1
2
R[e.t/]Ãd .t/ C 1

2
R[e.t/]P1[ue.t/ ¡ ur .t/] (28b)

Hence the relative degrees are ri D 2, i D 1; 2; 3. In Eq. (28b) k¢k
denotes the usual Euclidean norm.

To obtain the input–output linearizing and decoupling control
law, inverting R[.e.t/] is necessary. This inverse is given by

R¡1[e.t/] D
1
e0

e2
0 C e2

1 e1e2 C e0e3 e1e3 ¡ e0e2

e1e2 ¡ e0e3 e2
0 C e2

2 e2e3 C e0e1

e1e3 C e0e2 e2e3 ¡ e0e1 e2
0 C e2

3

D
eeT

e0
¡ Qe C e0I3 D RT .e/ C

eeT

e0

which exists if e0.t/ 6D 0.
Hence if e0.t/ 6D 0, from Eq. (28b) one obtains3;4;12

ue.t; x/ ¡ ur .t; x/ D 2P¡1
1 R¡1[e.t/] v1.t/ C 1

4
k!e.t/k2e.t/

C 1
2

R[e.t/]P1 N [!e.t/; Ä.t/; !d .t/] C 1
2

R[e.t/]Ãd.t/ (29)

which is well de� ned and leads to a decoupled and linear input-
output behavior Re.t/ D v1.t/.

To ensure the stability of the dynamics of the reaction wheels,

¡P1ue.t; x/ C P2ur .t; x/ D ¡P1 N [!e.t/; Ä.t/; !d.t/]

¡ Ãd.t/ C v2.t/ (30)

With this constraint the reaction wheel dynamics becomes PÄ.t/ D
v2.t/.

Solving Eqs. (29) and (30), one obtains

ue.t; x/ D N [!e.t/; Ä.t/; !d .t/] C JmbÃd .t/

C
k!e.t/k2

2e0
Jtote.t/ C 2Jtot R

¡1[e.t/]v1.t/ C Jr v2.t/ (31a)

ur .t; x/ D
k!e.t/k2

2e0
Jr e.t/ C Jr 2R¡1[e.t/]v1.t/ C v2.t/ (31b)

The control

u D
ue.t ; x/

ur .t ; x/

given by Eq. (31) has the same form as Eq. (11) with

A.x/ D
1
2
R[e.t/]P1 ¡ 1

2
R[e.t/]P1

¡P1 P2

(32)

nonsingular on

U D x
3

i D 0

e2
i D 1 and e0 6D 0
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Note that .P2 ¡ P1/ D J ¡1
r is always invertible. Moreover,

0.t; x/ D
01.t ; x/

02.t ; x/
D

¡ 1
4
k!e.t/k2e.t/ C 1

2
R[e.t/]P1 N [!e.t/; Ä.t/; !d.t/] C 1

2
R[e.t/]Ãd .t/

P1 N [!e.t/; Ä.t/; !d.t/] C Ãd .t/

is de� ned everywhere.
Remark 4: The choice of the attitude error to describe the space-

craft attitude corresponds to reducing the tracking problems of a
desired reference frame R0d to rest-to-rest maneuvers. As R0d

reaches the � nal con� guration, !d .t/ ´ 0 and !e.t/ D !.t/; hence,
the spacecraftmust reach the � nal attitude given by the � nal values
of

Nq0

Nq

i.e., the � nal part of the maneuver can be described simply by the
dynamics of

p0

p

as in Refs. 3 and 4.
Remark 5: The control law [Eq. (31)] is singular for e0 D 0; this

corresponds to an attitude error of §¼ or multiple. The singularity
can be avoided by considering an appropriate angular velocity of
the desired frame that must be not too high or an appropriatecontrol
action that must be strongenoughto prevent an attitude error of §¼ .

The feedback system is hence diffeomorphic to the following
system with linear input-output dynamics

Re.t/ D v1.t/ (33a)

Pe0.t/ D ¡
1

2
eT .t/!e.t/ D ¡

1
e0.t/

eT .t/ Pe.t/ (33b)

PÄ.t/ D v2.t/ (33c)

where !e.t/ is obtained from Eq. (28a) and

eT .t/R¡1[e.t/] D eT .t/ RT [e.t/] C
e.t/eT .t/

e0.t/
D

1
e0.t/

eT .t/

To achieve asymptotic tracking and to obtain stable dynamics for
the reaction wheels, the external control is

v D
v1

v2
D

¡K1 Pe.t/ ¡ K2e.t/

¡K3Ä.t/
(34)

with K1 , K2, K3 appropriate positive de� nite matrices.
The feedback control system is diffeomor� c to the linear error

dynamics

Re.t/ C K1 Pe.t/ C K2e.t/ D 0
(35)

PÄ.t/ C K3Ä.t/ D 0

together with the residual dynamics [Eq. (33b)]. Note that the dy-
namics [Eq. (33b)] is in reality redundant because the four quater-
nions are linked by a constraint relation.

Note that, in the continuous-time context and assuming that the
system [Eq. (9)] has a nonsingular decoupling matrix [Eq. (32)],
the continuous-timecontrol law [Eqs. (31), (34)] ensures that e.t/,
Pe.t/ converge asymptotically to zero with bounded-stateevolution.
In fact, the appropriate choice of K1, K2 ensures that e.t/ and Pe.t/
tend to 0 as t ! 1 and, from Eq. (33b) Pe0.t/ ! 0. Moreover from
the constraint relationship e0.t/ ! 1, and because from Eq. (3),

!e.t/ D 2R2[e.t/]
Pe0.t/

Pe.t/

then !e.t/ ! 0 as t ! 1. Finally, the appropriate choice of K3

ensures that Ä.t/ ! 0; if K3 D 0, the reaction wheel angular veloc-
ity is simply bounded.

Remark 6: The fact that e.t/, Pe.t/ convergeasymptoticallyto zero
means that the quaternions p.t/, describing the real attitude of the
spacecraft,and their derivatives Pp.t/ convergeasymptoticallyto the
references q.t/ with derivatives Pq.t/. No hypotheses on the refer-
enceshavebeenmade so far. But, to preventsaturationon the inputs,
some restraints must be imposed on the reference derivatives Pq0.t/,
Pq.t/ and Rq0.t/, Rq.t/ [q0.t/, q.t/ is always bounded by de� nition of
quaternions] and on the desired angular velocity and acceleration
!d.t/, Ãd.t/. Recalling Remark 2, one can impose conditions on
the velocities and accelerations P²d .t/, R²d .t/, P8d.t/, R8d.t/.

Remark 7: The continuous-timecontrol law [Eq. (31)] is basedon
the knowledgeof the state vector,which is deduced from integrating
the kinematicequationsof Eq. (3), drivenby theangular rates!ei .t/,
i D 1; 2; 3, issued from gyro packages.

We can now compute the approximated nonlinear digital con-
troller [Eq. (27)]. In the case of the spacecraft all of the relative
degrees being equal to 2, one looks for a multirate control of order
2 to require the reproduction at the sampling instants of the out-
puts e.t/ and their � rst derivatives. To fully exploit the potential
of the multirate control, one may also consider the exact repro-
duction of the reaction wheel angular velocity Ä.t/ at the sam-
pling instants and at the subintervals. With this choice of added
outputs, the matrix ¸[k; xd.k/] is nonsingular if and only if the de-
coupling matrix A.x/ appearing in the continuous-time control is
invertible [cf. Eq. (11)].

Remark 8: As noted in Sec. III, the choice of a multirate of order
r D maxfri g D 2 on each input is not minimal,10 and other solutions
could be possible.Unfortunately,in our case it is not possible to use
a differentmultirate order becausethe matrix ¸[k; xd .k/] in Eq. (26)
turns out singular. If, for instance, the multirate corrective terms are
computed by imposing the reproduction of e.t/, Pe.t/, and Ä.t/ at
the sampling instants only, using a multirate control of order 2 on
ue and of order 1 on ur should be enough because with respect
to Ä.t/ the relative degree is 1. But with this choice the matrix
¸[k; xd .k/] results are singular. This matrix is singular also in other
cases, e.g., if one tries to impose the reproductionof e.t/, Pe.t/, and
!e.t/ at the sampling instants only and multirate controls of orders
2 and 1 on the two inputs. In particular, the matrix is singular also
if one imposes the exact reproduction of either !e.t/ or Ä.t/ and
multirate controls of order 2 on each input. Considering the exact
reproduction of !e.t/ is suf� cient because it is linked to e.t/, Pe.t/
by the relationship !e.t/ D 2R¡1[e.t/]Pe.t/; hence, the exact input-
output reproduction of the output and its derivatives ensures the
exact reproductionof !e.t/, too.

The digital multirate control will be approximated to the � rst
order in ±:

ud1.k/ D
ud1

e .k/

ud1
r .k/

»D
ue.k±/ C ±wd1

e1 .k/

ur .k±/ C ±wd1
r1 .k/

(36)

ud2.k/ D
ud2

e .k/

ud2
r .k/

»D
ue.k±/ C ±wd2

e1 .k/

ur .k±/ C ±wd2
r1 .k/

for the � rst and the second subinterval. Setting

wd1
1 .k/ D

wd1
e1 .k/

wd1
r1 .k/

; wd2
1 .k/ D

wd2
e1 .k/

wd2
r1 .k/

y1 D e.t/; y2 D Ä.t/
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the relationshipsreported in Appendix B give for the � rst corrective
term

wd
1 .k/ D

wd1
1 .k/

wd2
1 .k/

D
1

12

¡Jr J ¡1
mb C 2I3 Jr J ¡1

mb C I3

¡Jr J ¡1
mb Jr J ¡1

mb C 3I3

Jr J ¡1
mb C 10I3 ¡Jr J ¡1

mb ¡ I3

Jr J ¡1
mb ¡Jr J ¡1

mb C 9I3

Pue[k±; x.k±/]

Pur [k±; x.k±/]

(37)

with

Pue.t; x/ D PN [!e.t/; Ä.t/; !d .t/] C Jmb
PÃ d.t/

C 1
e0.t/

!T
e .t/ P!e.t/ ¡

k!e.t/k2

2e2
0.t/

Pe0.t/ Jtote.t/

C
k!e.t/k2

2e0.t/
Jtot Pe.t/ C 2Jtot R¡1[e.t/] Pv1.x/

C PR¡1[e.t/]v1.x/ C Jr Pv2.x/

Pur .t; x/ D
1

e0.t/
!T

e .t/ P!e.t/ ¡
k!e.t/k2

2e2
0.t/

Pe0.t/ Jr e.t/

C
k!e.t/k2

2e0.t/
Jr Pe.t/ C 2Jr R¡1[e.t/] Pv1.x/

C PR¡1[e.t/]v1.x/ C Jr Pv2.x/

Pe0.t/ D ¡1

2
eT .t/!e.t/; v1.x/ D ¡K1 Pe.t/ ¡ K2e.t/

Pe.t/ D 1

2
R[e.t/]!e.t/; v2.x/ D ¡K3Ä.t/

Re.t/ D v1.x/; Pv1.x/ D ¡K1 Re.t/ ¡ K2 Pe.t/

D K 2
1 ¡ K2 Pe.t/ C K1 K2e.t/

P!e.t/ D
k!e.t/k2

2e0.t/
e.t/ C R¡1[e.t/]v1.x/

PÄ.t/ D v2.x/; Pv2.x/ D ¡K3
PÄ.t/ D K 2

3 Ä.t/

R[e.t/] D e0I3 C Qe; R¡1[e.t/] D RT [e.t/] C
eeT

e0

PN [!e.t/; Ä.t/; !d.t/]

D [ P!e.t/ C Ãd.t/] £ fJtot[!e.t/ C !d.t/] ¡ Jr Ä.t/g

C [!e.t/ C !d.t/] £ fJtot[ P!e.t/ C Ãd.t/] C Jr
PÄ.t/g

The result of Ref. 11 can be recovered if one decides to com-
pute simply the corrective terms of the continuous-timecontrol law
1u.x; t/ D ue.x; t/ ¡ ur .x; t/, given by Eq. (29), which determines
the input-output behavior. For a digital multirate control approxi-
mated to the � rst order in ±,

ud
e .k/ ¡ ud

r .k/ D 1ud.k/ D 1u.k±/ C ±1wd
1 .k/

1wd
1 .k/ D

wd1
e1 .k/ ¡ wd1

r1 .k/

wd2
e1 .k/ ¡ wd2

r1 .k/

D

1
6
5
6

f Pue[k±; x.k±/] ¡ Pur [k±; x.k±/]g

We can then conclude with the following statement that synthe-
sizes the result illustrated here.

Theorem 1: Assuming that the system in Eq. (9) has a nonsin-
gular decoupling matrix A.x/, given by Eq. (32), then the multi-
rate discrete-time control law [Eq. (36)] ensures the reproduction,

approximated to the third order in ±, at the sampling instants of
the input–output behavior of the continuous-timesystem under the
continuous-time control law [Eq. (31)] with asymptotical conver-
gence to zero of e.t/, Pe.t/, and bounded-stateevolution.

Proof: The proof of the approximation at the third order in ±
can be obtained by using the expressions given in the Appendices.
Such a computation does not present any conceptual dif� culty but
is notationally complex.

V. Simulations Results
In this last section we brie� y presented and discussed the results

obtained under numerical simulations. They highlight the effec-
tiveness of the multirate control strategy [Eq. (36)] vs the digital
implementation of the nonlinear control [Eq. (31)].

The numerical simulations refer to the data of a simpli� ed model
of the Satellite Pour l’Observationde la Tezze (S.P.O.T.) spacecraft
with inertia tensors given by

Jmb D
742 29 115

29 2443 11:3

115 11:3 2442
Kg m2

Jr D
10 0 0

0 10 0

0 0 10

Kg m2

The desired attitude to be tracked by the spacecraft is speci� ed
by the quaternionsq0.t/ D cos[8d .t/=2], q.t/ D ²d.t/ sin[8d.t/=2]
with Euler unit vector axis ²d.t/, in the RC frame, given by

²d1.t/ D 1
3 cos !t; ²d2.t/ D 1

3 sin !t; ²d3 D
p

8=3

while 8d.t/ D 3¼ sin!1t rad where ! D 0:04 rad/s and !1 D 0:02
rad/s. At the initial time R0 and R0d are not coincidentand, hence,
the initial attitude error between the two frames is almost 160 deg,
namely, e0 D 0:1736, e1 D ¡0:4924, e2 D 0:3282, and e3 D 0:7878.

The � rst simulation deals with the implementation of the
continuous-time nonlinear control law [Eqs. (31) and (34)]. Fig-
ures 1 and 2 display the behavior of the attitude error e.t/ and the
gas-jet controls ue.t/. The gas jets operate in a hypothetical con-
tinuous mode without saturation. The gains in the control laws in
Eq. (34) are chosen equal to K1 D k1I3, K2 D k2I3 , K3 D k3I3 , with
k1 D 0:5, k2 D 0:25, and k3 D 0:5. The maneuver implies a maximum
effort of almost 68 Nm (see ue2 in Fig. 2).

Fig. 1 e(t): control law (31) and (34).

Fig. 2 ue(t), Nm: control law (31) and (34).
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Fig. 3 e(t): control law (31) and (34) with zero-order holder.

Fig. 4 X (t), rad/s: control law (31) and (34) with zero-order holder.

Fig. 5 ue(t), Nm: control law (31) and (34) with zero-order holder.

Fig. 6 ur(t) Nm: control law (31) and (34) with zero-order holder.

The secondsimulationdeals with the implementationof the same
control law [Eqs. (31) and (34)] with a sampling period ± D 1 s. Gas
jets operate more realistically in pulse mode, and saturations at 10
Nm for ue.t/ and 5 Nm for ur .t/ are assumed. Figures 3 and 4 show
the behavior of the attitude error e.t/ and the angular rates Ä.t/ of
the wheels whereas the controlsue.t/, ur .t/ are shown in Figs. 5 and
6. After nearly 25 s the error increases, and e0.t/ goes toward zero
where a singularity in the control law is present. The simulations
display an unstable behavior in less then 60 s.

The effectivenessof the multirate controller [Eqs. (36) and (37)]
are displayed in Figs. 7–10 where a sampling period of ± D 2 s is

Fig. 7 e(t): control law (36) and (37).

Fig. 8 X (t), rad/s: control law (36) and (37).

Fig. 9 ue(t), Nm: control law (36) and (37).

Fig. 10 ur(t), Nm: control law (36) and (37).

used therefore dividing the sampling interval into two subintervals
of ± D 1 s each. Under such a control action the convergenceto zero
of either e.t/ and Ä.t/ is obtained (Figs. 7 and 8). The inputs ue.t/,
ur .t/ are shown in Figs. 9 and 10. The more accurate control action
ensures the ful� llment of the tracking requirements (Fig. 11).

Note that the ripple in the Äi is due to the discontinuous on-
off control action. Once the error range is reduced, a continuous
controlmode shouldbe adopted,assuming the presenceof actuators
powerful enough to ensure the desired tracking.

The main objection to the proposed multirate controller regards
the robustness of this control strategy. As shown in Refs. 17 and
18, here we brie� y point out that experimental results on the pilot



DI GENNARO, MONACO, AND NORMAND-CYROT 475

Fig. 11 Body (p0 , p1) and desired (q0 , q1 ) attitudequaternions: control
law (36) and (37).

platform Satellite Attitude Control Simulator (SACS) show that the
multirate controller does not degrade the robustness of the whole
control scheme. Referring to a prescribed tracking trajectory (see
Refs. 17 and 18 for further details), the multirate controller in
Eq. (36) ensures reductions up to 80% in terms of parameters de-
scribing the attitude pointing velocity (the settling time, de� ned as
the time necessary to reach the steady-state value for e0 with 5%
error, and the maximum trackingerror at the steady-state) and up to
27% in terms of fuel consumption (square L2 norm of the input on
a � nite time interval).

VI. Conclusions
Tracking control of desired attitude trajectories has been dis-

cussed, in continuous-time and digital contexts. The deterioration,
and possibly the instability, of the dynamics resulting from a sim-
ple discretizationand pulsed implementationof the continuous-time
controlis demonstrated,anda multiratedigital controlis proposedto
recover the desired performance.Numerical simulations verify that
the controllerensureshighperformanceand fast response.The prac-
tical importance of the proposed multirate control scheme stands in
the performance improvements in the presence of sampled mea-
surements with slow rate. Lower limits in the sampling intervals
may result from the implementation of misure chains, which, for
increasing the feedback loop precision,make use of suitable sensor
data pre-elaboration.This may be the case of the more recent con-
trol schemes based on global positioning system sensors, as well
as those based on more classical star sensors. On the other hand, a
performanceimprovementcan be obtainedat the priceof a marginal
increase of the computational complexity of the control law. This
implies only an increase of the CPU capabilities; this is not really a
constraint thanks to the CPU’s increasing performance.

The studyof theapplicationof such a controllerto spacecraftwith
� exible appendages or in the presence of parameter uncertainties
presents remarkable complexity and will be the object of further
research.

Appendix A: Input-Output Reproduction
Under Multirate Digital Control

Let e±F .¢/ denote the exponential series de� ned by e±F .¢/ D
[I.¢/ C ±F .¢/ C ¢ ¢ ¢ C .±k=k!/F ±k .¢/ C ¢ ¢ ¢].¢/, where F is a dif-
ferential operator,I is the identity operator, and ± denotes the com-
position of operators. The multirate sampled dynamics in Eq. (16)
take the form

xd.k C 1/ D F[±; k±; xd .k/; ud1.k/; : : : ; udr .k/]

D e N± X d1 ± ¢ ¢ ¢ ± e N±X dr
.Id/

k±;xd .k/
(A1)

where Id denotes the identity function, N± D ±=r , Xd j .¢/ D L f .¢/ C
ud j

1 .k/Lg1 .¢/ C ¢ ¢ ¢ C ud j
m .k/Lgm .¢/; j D 1; : : : ; r , and ud j .k/ D

[ud j T

1 .k/ ¢ ¢ ¢ ud j T

m .k/]T , the constant input vector over the j th
subinterval of amplitude N±.

To compute Eq. (A1), according to Ref. 19, one has

xd.k C 1/ D e N± X d1 ± e N± Xd2 ± ¢ ¢ ¢ ± e N± X dr¡1 ± e N±X dr
.Id/

k±;xd .k/

or, for the .` C 1/th subinterval

xd [k C .`=r/] D F [±; k±; xd.k/; ud1.k/; : : : ; ud`.k/]

D e N± Xd1 ± ¢ ¢ ¢ ± e N± X d`

.Id/
k±;xd .k/

In the same way for the variables zd
i; j in Eq. (17), one obtains the

formal expressions:

zd
i; j .k C 1/ D L j

f h i .k C 1/±;xd .k C 1/

D e N± Xd1 ± ¢ ¢ ¢ ± e N± X dr L j
f hi k±;xd .k/

(A2)

zd
i; j [k C .`=r/] D L j

f h i .k C 1/±;xd [k C .`=r/]

D e N± Xd1 ± ¢ ¢ ¢ ± e N± X d` L j
f hi k±;xd .k/

(A3)

where zd
i; j .k C 1/ admits the following expansion in powers of ±:

zd
i; j .k C 1/ D e N± X d1 ± ¢ ¢ ¢ ± e N±X dr

L j
f h i k±;x d .k/

D L j
f h i k±;xd .k/

C ¢ ¢ ¢ C
±ri ¡ 1 ¡ j

.ri ¡ 1 ¡ j/!
Lri ¡ 1

f h i

k±;xd .k/

C
N±ri ¡ j

.ri ¡ j/!
r ri ¡ j Lri

f h i C
r

` D 1

Oa j` LgLri ¡ 1
f h i u

d`.k/

k±;xd .k/

C O.±ri ¡ j C 1/

with Oa j` D .ri ¡`C1/ri ¡ j C 1 ¡.ri ¡`/ri ¡ j C 1 . A similar expression
holds for zd

i; j [k C .`=r/].
Denoting by Fc the sampled dynamics of the whole continu-

ous control system under the continuous-time feedback u.t; x/ D
° [t ; x.t/], one has

x[.k C 1/±] D Fc[±; k±; x.k±/] D e±X c
.Id/

k±;x .k±/
(A4)

where X c.¢/ D L f .¢/ C °1[t ; x.t/]L g1 .¢/ C ¢ ¢ ¢ C °m[t; x.t/]Lgm .¢/.
This expression can be developed as (A1). Analogously, xf[k C
.`=r /]±g D e` N± Xc

.Id/jk±;x.k±/, which returns the Eq. (A4) if ` D r .
Finally,

zi; j [.k C 1/±] D e± X c L j
f hi k±;x.k±/

(A5)
zi; j f[k C .`=r/]±g D e` N± Xc L j

f h i k±;x.k±/

where zi; j [.k C 1/±] admits the following expansion in powers of ±:

zi; j [.k C 1/±] D e±X c L j
f h i k±;x .k±/

D L j
f hi k±;x .k±/

C ¢ ¢ ¢ C ±ri ¡ 1¡ j

.ri ¡ 1 ¡ ¡ j/!
Lri ¡ 1

f h i

k±;x.k±/

C
±ri ¡ j

.ri ¡ j/!
Lri

f h i C
m

j D 1

° j [t; x.t/]Lg j L
ri ¡ 1
f h i

k±;x.k±/

C ±ri ¡ j C 1

.ri ¡ j C 1/!
X c Lri

f hi C
m

j D 1

° j [t ; x.t/]X c Lg j L
ri ¡ 1
f hi

C
m

j D 1

X cf° j [t ; x.t/]gLg j L
ri ¡ 1
f hi

k±;x.k±/

C O.±ri ¡ j C 2/

A similar expression can be obtained for zi; j f[k C .`=r /]±g.
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To reproduce the dynamics [Eq. (14)], one needs to satisfy the
equality of Eq. (20) where, from Eqs. (A2), (A3), (A5),

Di [±; k±; xd .k/; ud.k/] D

e N± X d1 ± ¢ ¢ ¢ ± e N±X dr
.h i / k±;xd .k/

:::

e N±X d1 ± ¢ ¢ ¢ ± e N± X dr Lr ¡ 1
f hi k±;x d .k/

Ci [±; k±; x.k±/] D

e± Xc
.h i / k±;x.k±/

:::

e± X c Lr ¡ 1
f h i k±;x.k±/

i D 1; : : : ; m, and for some i 2 [1; : : : ; m], j 2 [0; : : : ; ri ¡ 1], and
` 2 [1; : : : ; ri ]:

Dm C 1[±; k±; xd.k/; ud.k/] D e N± X d1 ± ¢ ¢ ¢ ± e N±X d` L j
f h i k±;x d .k/

Cm C 1[±; k±; x.k±/] D e` N±X c L j
f hi k±;x d .k/

Expanding Eq. (20) into the series of ±, for xd.k/ D x.k±/ one
obtains the relationship in Eq. (21) with

¸0.±; k±; xd / D ½0.±; k±; x/ D

71

:::

7m

7m C 1

7i D

zi;1.k±/ C ±zi;2.k±/ C ¢ ¢ ¢ C ±ri ¡ 1

.ri ¡ 1/!
zi;ri ¡ 1.k±/

:::

zi;ri ¡1.k±/

i D 1; : : : ; m, and 1.±/ D diagf11.±/; : : : ; 1m.±/; 1m C 1.±/g,
1i .±/ D diagf N±ri ; N±ri ¡ 1; : : : ; N±g. The explicit expressions of 7m C 1

and 1m C 1.±/ depend on the particular choice of the equalities of
Eq. (19).

¸¡1.xd/ D

A¡1
1 C .P2 ¡ P1/

¡1 P1 A¡1
1 ¡ 1

2
A¡1

1 ¡ 1
2 .P2 ¡ P1/

¡1 P1 A¡1
1 0 .P2 ¡ P1/¡1

.P2 ¡ P1/¡1 P1 A¡1
1 ¡ 1

2 .P2 ¡ P1/¡1 P1 A¡1
1 0 .P2 ¡ P1/¡1

¡A¡1
1 ¡ .P2 ¡ P1/

¡1 P1 A¡1
1

3
2

A¡1
1 C 3

2 .P2 ¡ P1/¡1 P1 A¡1
1 .P2 ¡ P1/¡1 ¡.P2 ¡ P1/

¡1

¡.P2 ¡ P1/¡1 P1 A¡1
1

3
2 .P2 ¡ P1/

¡1 P1 A¡1
1 .P2 ¡ P1/¡1 ¡.P2 ¡ P1/

¡1

Appendix B: Determination of the Multirate Digital
Control in the Case Study

As explained in Sec. IV, a choice that fully exploits the potential
of the multirate control is to add to the real output of the system
[y.t/ D e.t/] the angular velocity Ä.t/, and, using a multirate of
order 2 on each input, to impose the exact reproduction of e.t/ at
the sampling instants and that of Ä.t/ at these instants and at the
subintervals too. Hence Eq. (18) becomes

e N± X d1 ± e N±X d2
.e/

k;xd .k/
D e±X c

.e/
k±;x.k±/

e N± X d1 ± e N±X d2
. Pe/

k;xd .k/
D e±X c

. Pe/
k±;x.k±/

wd
1 .k/ D 1

12

¡.P2 ¡ P1/
¡1 P1 C 2I3 .P2 ¡ P1/¡1.¡2P1 C 3P2/ ¡ 2I3

¡.P2 ¡ P1/¡1 P1 .P2 ¡ P1/
¡1.¡2P1 C 3P2/

.P2 ¡ P1/
¡1 P1 C 10I3 .P2 ¡ P1/¡1.¡10P1 C 9P2/ ¡ 10I3

.P2 ¡ P1/
¡1 P1 .P2 ¡ P1/¡1.¡10P1 C 9P2/

X cf° [t ; x.t/]gjk±;x.k±/

whereas from Eq. (19) one has

e N±X d1 ± e N± Xd2
.Ä/

k;xd .k/
D e± X c

.Ä/
k±;x.k±/

e N±X d1
.Ä/

k;xd .k/
D e N± X c

.Ä/
k±;x.k±/

Hence ¸.k; xd/ D ¸.xd / has the expression

¸.xd/ D

3
2
Lg L f e

1
2
Lg L f e

Lg L f e Lg L f e

L gÄ LgÄ

L gÄ 0
xd .k/

D

3
2

A1.x/ ¡ 3
2

A1.x/ 1
2

A1.x/ ¡ 1
2

A1.x/

A1.x/ ¡A1.x/ A1.x/ ¡A1.x/

¡P1 P2 ¡P1 P2

¡P1 P2 0 0
xd .k/

with
Lg L f e D 1

2
R[e.t/]P1 ¡ 1

2
R[e.t/]P1 D [A1.x/ ¡A1.x/]

LgÄ D .¡P1 P2/

The ¸.xd/ is invertible if and only if the decoupling matrix

A.x/ D
A1.x/ ¡A1.x/

¡P1 P2

is invertible. In fact, its determinant (in absolute value) is the same
of the matrix obtained interchanging the fourth block row with the
third, the second one with the third, and subtracting 1

2
of the third

block row from the � rst:

A1.x/ ¡A1.x/ 0 0

¡P1 P2 0 0

A1.x/ ¡A1.x/ A1.x/ ¡A1.x/

¡P1 P2 ¡P1 P2

D
A.x/ 0

A.x/ A.x/

One works out

whereas the expression of ½1 ¡ ’1 appearing in Eq. (26) is

½1[k±; x.k±/] ¡ ’1[k; xd.k/; u.k±/]

D 1

2

23=3!

22=2!
Lg L f e

22=2!

1=2!
LgÄ

X cf° [t ; x.t/]gjk±;x.k±/

and hence
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